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1 Introduction 

One of the dualities in string theory, the F-theory/heterotic string duaHty in eight dimensions (32], predicts 
an interesting correspondence between two seemingly disparate geometrical objects. On one side of the 
duality there are elliptically fibered K3 surfaces with section. On the other side, one finds elliptic curves 
endowed with certain flat connections and complexified Kahler classes. 

The F-theory |^ [32] is a 12-dimensional string theory which generally exists on elliptically fibered 
ambient manifolds with section. Heterotic string theory, on the other hand, exists on a 10-dimensional 
space-time. In order to obtain effective 8-dimensional models, one compactifies the two theories along 
elliptic K3 surfaces and elliptic curves, respectively. The duality mentioned above predicts then that the 
two theories are equivalent at the quantum level. In particular, their moduli spaces of quantum vacua should 
be isomorphic. As it is generally believed, in certain ranges of parameters the quantum corrections should 
be small and the quantum vacua should be well approximated by classical vacua. This leads one to expect 
that, the moduli spaces of classical vacua of the two theories should resemble each other, at least on regions 
corresponding to insignificant quantum effects. 

The classical vacua for the heterotic string theory compactified along a two-torus E (there are two distinct 
such theories, one with structure Lie group Gi = {Eg x Eg) xi Z2 and the other with G2 — Spin(32)/Z2) 
consists of a flat Gi-connection on E, a flat metric and an extra one-dimensional field, the B-field. In the 
original physics formulation [21] |2S], the B-field appears as a globally defined two- form B. The metric and 
B fit together to form the imaginary and, respectively, the real part of the so-called complexified Kahler 
class. Each triplet {A,g,B) determines a lattice of momenta C(A,g,B) (after K. Narain j24j) governing the 
associated physical theory. The lattices C(^A,g,B), turn out to be even, unimodular and of rank 20. They are 
well-defined up to 0(2) x 0(18) rotations and vary, according to the triplet parameter, in a fixed ambient 
real space M^^^'*. The real group 0(2, 18) acts transitively on the set of all C(^A,g,B) and, in this light, one 
can regard the physical momenta as parameterized by the 36-dimensional real homogeneous space: 

0(2,f8)/0(2) X 0(18). (1) 

One identifies then the configurations in ^ determining equivalent quantum theories. This amounts to 
factoring out the left-action of the group F of integral isometrics of the lattice. However, not all identifications 
so created are accounted for by classical geometry. Part of the F-action models the so-called quantum 
corrections |2] and results in identifying momenta for pairs of triplets {A, g, B) which are not isomorphic 
from the geometric point of view. The quantum (Narain) moduli space of distinct heterotic string theories 
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compactificd on the two-torus appears as: 

_^quantum ^ r\0(2, 18)/0(2) X 0(18). (2) 

The above physics-inspired Narain construction has a major flaw, though. It does not provide a holomor- 
phic description. Technically, one can endow the homogeneous quotient Q with a natural complex structure, 
but holomorphic families of elliptic curves and flat connections do not embed as holomorphic sub-varieties 

* ^quantum 

In the recent years, it has been noted by a number of authors (see for example or that, in 
order to fulfill various anomaly cancellation conditions required by heterotic string theory, the B-field has 
to be understood within a gerbe-like formalism. In jH], D. Freed introduces B as a cochain in differential 
cohomology. Taking this point of view, one can ask then for a description of the space of triplets {A, g, B) 
up to natural geometric isomorphism. This is the moduli space M'^^^^ of classical vacua for Gi-heterotic 
string theory compactificd over the two-torus. Freed's approach can be used to describe A^h^e\ ™^ explicit 
holomorphic framework. It was shown in 6 that: 

Theorem 1. 

1. The classical Gi-heterotic moduli space M'^^^ can be given the structure of a 18- dimensional complex 
variety with orbifold singularities. 

2. A^hJt represents the total space of a holomorphic Seifert <C* -fihration 

XSt-^-^B.G., (3) 

where ME,Gi moduli space of isomorphism classes of pairs of elliptic curves and flat Gi-bundles. 

The holomorphic orbifold structure of ME.d is described in ^S]. If one denotes by H the upper half-plane, 
and by A the co-root lattice of G^, then E,Gi is represented by a quotient of H x Ac through the action of 
a discrete group. Under this description, the fibration Q appears as a well-known fibration with complex 
lines over M E,Gi ■ This is, roughly speaking, the line fibration supporting the holomorphic theta function: 

BciHxAc^C, SG(r, z) = 1^ J e"(2(-''')+^(^'^») (4) 

where rjij) is Dedekind's eta-function. In this setting, one can prove: 

Theorem 2. (\^) The <C* -fibration (0) is holomorphically identified with the complement of the zero-section 
in the complex line fibration induced by Q . 

Hence, the heterotic classical moduli space M^^^ can be holomorphically identified with the total space of 
the theta fibration with the zero-section divisor removed. 

We turn now to the other side of the duality. The classical vacua for 8-dimensional F-theory are simply 
elliptically fibered K3 surfaces with section. Using the period map and global Torelli theorem g] [3, one 
can regard the moduli space Mk3 of such structures as a moduli space of Hodge structures of weight two, 
i.e. as a quotient of an open 18-dimcnsional hermitian symmetric domain by an arithmetic group of 
integral automorphisms. In order to identify all equivalent classical vacua, there is one more factorization to 
be taken into account, identifying the complex conjugate structures. The classical 8-dimensional F-theory 
moduli space obtained, denoted Mp, then double-covered by A4k3 and can be seen to be isomorphic to 
an arithmetic quotient of a symmetric domain: 

=i r\0(2,18)/0(2) X 0(18). (5) 

The identification between the above description and is the usual physics literature formulation of the 
F-theory/heterotic string duality in eight dimensions. 
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The goal of this paper is to estabhsh a rigorous geometric comparison between the classical moduli spaces 
A4f and M^^^. Our construction provides a natural holomorphic identifications between these classical 
moduli spaces, exactly on the regions where physics predicts the quantum effects are insignificant. 

The paper is structured as follows. In section [21 we review various facts pertaining to the construction 
of the moduli space A4k3 of elliptic K3 surfaces with section. This space is not compact. However, 
using a special case of Mumford toroidal compactification ^ one can perform an arithmetic partial 
compactification: 

Mk3 Mk3 

by adding two divisors at infinity Vi and I?2, related to the two possible kinds of Type II maximal parabolic 
subgroups of 0(2,18). The arithmetic machinery producing the partial compactification is reviewed in 
section IT^ In section Owe discuss the geometrical interpretation of the compactification. The points of 2?i 
and I?2 correspond to semi-stable degenerations of K3 surfaces given by either a union of two rational elliptic 
surfaces glued together along a smooth fiber or a union of rational surfaces glued along an elliptic curve with 
elliptic fibration degeneration into two rational curves meeting at two points. Each of the two configurations 
exhibits an elliptic curve E (the double curve of the degeneration) and endows this elliptic curve with a flat 
G-connection. For Vi the resulting Lie group G turns out to be Gi — {Eg, x Eg) x Z2 whereas for I?2 one 
obtains G2 = Spin(32)/Z2. In the second case the flat connections obtained carry "vector structure", in the 
sense that they can be lifted to fiat Spin(32)-connections. Under this geometrically defined correspondence, 
one obtains a holomorphic isomorphism: 

A; ~ Me,G,- (6) 

Next, each of the two types of parabolic groups determining the boundary components Vi produces 
an infinite sheeted non- normal parabolic cover p: Vi — > Mk3- The total space Vi fibers holomorphically 
tt: Pi — » over the corresponding divisor at infinity, all fibers being copies of C*. Under identification lO, 
one obtains therefore a pattern: 

v., A ~ Me.g. 

I (7) 

Mk3- 

It turns out, a neighborhood of infinity near the cusp Vi in AiK3 is identified with a component of its pre- 
image in the parabolic cover Vi- Moreover, this pre-image component is a neighborhood of the zero-section 
in 

^T:V^'^ Me,g.- (8) 

Thus, a neighborhood of the boundary component Vi in A4k3 can then be identified with a neighborhood 
of the zero-section of the parabolic fibration ((SJ . 

In section Owe give an explicit description of Based on this description we conclude: 

Theorem 3. Fibration is holomorphically isomorphic with the theta C-fibration induced by Q with the 
zero-section removed. 

In the light of theorems and |21 there is then a holomorphic isomorphism of C*-fibrations, unique up to 
twisting with a unitary complex number: 



'het 

i i (9) 

Me,g, = Me,g, 

and that gives a natural explicit mathematical identification between the region in M^^^ corresponding to 
large volumes with a region of Me in the vicinity of the boundary component Di . These are exactly the 
regions that the physics duality predicts should be isomorphic. 

This paper belongs to a long project begun by the second author jointly with R. Friedman and E. Witten 
|13| in 1996 and continued jointly with R. Friedman afterwards. The initial aim of the project was to give 



3 



precise mathematical descriptions of various moduli spaces of principal G-bundles over elliptic curves in 
order to verify conjectures arising out of the F-theory/heterotic string theory duality in physics. Building 
on this earlier work, the present paper and |S] establish the mathematical results allowing one to describe 
the duality completely when the two theories in question are compactified to eight dimensions. 

The authors would like to thank Robert Friedman for many helpful conversations during the development 
of this work. The first author would also like to thank Charles Doran for many discussions regarding this 
work and the Institute for Advanced Study for its hospitality and financial support during the course of the 
academic year 2002-2003. 

2 Review of the Compactification Procedure 

A coarse moduli space for isomorphism classes of elliptically fibered K3 surfaces with section can be 

described using the period map. In this section we review the Type II partial compactification of Mks- 

2.1 Period Space 

It is well-known that any two K3 surfaces are diffeomorphic. The second cohomology group over integers is 
torsion-free of rank 22 and, when endowed with the symmetric bilinear form given by cup product, is an even 
unimodular lattice of signature (3, 19). Up to isometry, there exists a unique lattice with these properties. 
We pick a lattice of this type and denote it by L. It happens then that for any A'3 surface X there always 
exists an isometry: 

(^: i72(X,Z) L. (10) 

Such a map is called a marking. 

An elliptic structure with section on X induces naturally two particular line bundles T,S G Pic(X) 
corresponding to the elliptic fiber and section. Let /, s € {X, Z) be the cohomology classes corresponding 
T and S. These special classes intersect as p = 0, f.s = 1, = —2 and therefore span a hyperbolic type 
sub-lattice Q inside H^{X, Z). The notion of marking can be adapted for this framework. Let H he a, choice 
of hyperbolic sub-lattice in L. All such choices are equivalent under the action of the group of isometrics of 
L. Choose a basis {F, S} for H with {F, F) ^ , {F, S) = 1 and {S, S) = -2. A marking (p as in ^ is said 
to be compatible with the elliptic structure if >f{f) = F and ip{s) = S. In particular, a compatible marking 
transports the hyperbolic sub-lattice Q C Z) isomorphically to H. Two marked pairs {X,(p) and 

{X', (fi') are called isomorphic if there exists an isomorphism of surfaces g: X ^ X' such that (p' ^ cp o g* . 

Let ho be the sub-lattice of L orthogonal to H. The lattice Lq is even, unimodular, and of signature 
(2, 18). By standard arguments, a marked pair (AT, (p) determines a polarized Hodge structure of weight two 
on Lo (g) C which is esentially determined by the period (2,0)-line [oj] C ho ^ C The periods satisfy the 
Hodge- Riemann bilinear relations {uj,u!) — 0, (w, w) > 0. The classifying space of polarized Hodge structures 
of weight two on Lq (Ei C is then given by the period domain 

n = { w e P (Lo ®z C) I {uj, Lo) = 0, (w, (I)) > }. (11) 

This is an open 18-dimensional complex analytic variety embedded inside the compact complex quadric: 

n'' ^{u}\ (cj,t^) = 0}cP(Lo(8)zC). 

One can equivalently regard the periods uj G as space-like, oriented two-planes in ho ^ M. The real Lie 
group 0{2, 18) of real isometrics of Lq (g) M acts then transitively on H. leading to a description of the period 
domain in the form of a symmetric bounded domain: 

~ 0(2,18)/S'0(2) X 0(18). (12) 

Following arguments of [2] ) one can prove the existence of a fine moduli space of marked elliptically 
fibered K3 surfaces with section, which is a 18-dimensional complex manifold Ai'^'^^. It follows then that 
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a marked elliptic surface with section is uniquely determined by its period. The period map: 

per: M'}^1'^ (13) 

is a holomorphic isomorphism. However, in this setting, the period lo D, clearly depends on the choice of 
marking. One removes the markings from the picture by dividing out the period domain by the action of 
the isometry group of the lattice. 

Let r be the group of isometrics of Lq. Two periods correspond to isomorphic marked surfaces if and 
only if they can be transformed one into the other through an isometry in T. The arguments of global Torelli 
theorem allow one to conclude that: 

Mk3 = r\n (14) 

is a coarse moduli space for elliptic K3 surfaces with section, without regard to marking. 

Let us briefly analyze the quotient p4|l . First of all, Mrs is connected. The period domain fl consists 
of two connected components, corresponding to the choice of orientation in the set of positive two-planes in 
Lo (g) K. The two components are mapped into each other by complex conjugation. We choose either one 
and denote it by D. Thus fl = D U D. However, there are isometrics in F which exchange D and D and 
therefore H14I) is connected. Secondly, the space Mrs can be given a description as a quotient of a bounded 
symmetric domain by a discrete, arithmetically defined modular group. Indeed, the isomorphism H12|l is 
F-equivariant and therefore: 

T\n ~ F\0(2,18)/50(2) X 0(18). 



2.2 The Classical F-Theory Moduli Space 

One obtains the moduli space A4f oi classical vacua associated to F-theory compactified on a K3 surface by 
identifying conjugated complex structures in A4k3- In the light of the previous discussion, one can assume 
then that: 

Mf = (15) 

where F is the semi-direct product F x: Z2 C Aut (Lq ®z C) with the Z2 factor generated by complex 
conjugation. 

The moduli space (|15|) can also be given a description as arithmetic quotient of a symmetric domain. The 
two connected components of the period domain, D and D are mapped one into each other by conjugation. 
This operation corresponds, on the right side of the isomorphism (|12|l . to changing the orientation of the 
positive two-plane. One obtains, therefore, an isomorphism: 

i:> ~ 0(2, 18)/0(2) X 0(18). (16) 

Each isometry in F, either preserves or exchanges the two connected components of 51. One can precisely 
find the stabilizer F+ = Stab(-D) as follows. The orthogonal group 0{2, 18) of a real bilinear symmetric 
indefinite form of signature (2, 18) is a Lie group which has four connected components: 

0(2, 18) = 0++(2, 18) U 0+^(2,18) U 0"+(2,18) U 0^^(2,18). (17) 

The upper signs refer to orientation behavior with respect to positive 2-planes and negative 18-planes. The 
group of integral isometrics can then be written as a disjoint union: 

F = F++ U F+" U F"+ U r— (18) 

by taking intersections of F with the components of the real orthogonal group. It follows then that the 
isometrics preserving D are exactly the ones preserving orientation on positive 2-planes: 

F+ = F++ U F+". (19) 
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The subgroup r+ has index two in T. We obtain then a model for the moduli space of elliptic K3 surfaces 
with section: 

Mk3 = T\n ~ T+\D (20) 
while the classical F-theory moduli spaces appears as: 

Mf = t\n ~ t+\D (21) 

where r+ = r+ xi Z2. However, it turns out that r+ ~ F and, under this isomorphism, map becomes 
an equivariant identification. One obtains therefore an arithmetic quotient picture for the classical F-theory 
moduli space as: 

A^F ^ r\Ci(2,18)/0(2) X 0(18). (22) 
Along the lines of this description, the double-cover A4k3 Mf can be seen as: 

F+\0(2, 18)/0(2) X 0(18) ^ F\0(2, 18)/0(2) x 0(18). 



2.3 Arithmetic of Compactification of M.K3 

The moduli space Mks is connected but not compact. There exists various arithmetic techniques aiming at 
compactifying T\fl. The simplest one is the Baily-Borel procedure |H] which we briefly review next. Later, 
we shall turn our attention to a particular case of Mumford's toroidal compactification 1 which plays a 
central role in the computation we undertake in this paper. 

The Baily-Borel procedure |3] introduces an auxiliary space ft* with C il* C il^. The topological 
boundary of O C fl^ decomposes into a disjoint union of closed analytic subsets, called boundary components. 
There are two types of such components. Some are zero-dimensional and are represented by the points in in 
the real quadric 17^ fl V (Lq K) ■ The others are copies of P""^ and are generated by the complexified images 
in P (Lo C) of the 2-dimensional isotropic subspaces of Lq (E)z M. Group theoretically, it can be seen that 
the stabilizer 

Stab(F) = {ge 0++(2, 18) | .gF = F } 

of a boundary component F is a maximal parabolic subgroup of 0^^(2, 18). A boundary component F is 
called then rational if its stabilizer Stab(F) is defined over Q. The assignment P — > Fp with Stab(Fp) = P 
determines a bijective correspondence between the set of proper maximal parabolic subgroups of 0~''^(2, 18) 
and the set of all rational boundary components. One defines then: 




where the right union is made over all proper maximal rational parabolics. The action of F extends naturally 
to 17*. Moreover, one can endow fl* with the Satake topology, under which the F-action is continuous. The 
Baily-Borel compactification appears then as: 

{r\n)* =^ r\n*. (23) 

The main features of this new quotient space are as follows (see for details). The space (F\r2)* is Hausdorff, 
compact, connected and can be given a structure of complex algebraic space. The quotient F\f2 is embedded 
in (F\ri)* as a Zariski open subset. If /^(Lo), i E {1,2} represents the set of primitive isotropic sub-lattices 
of rank i in Lq then the complement 

{T\n)* -T\n 

consists of |F\/i(Lo)| points and |F\/2(Lo)| copies of PSL(2, Z)\]HI. Let us note that the complex conjugation 
involution on Q extends to Q* . On boundary, it preserves the points and induces complex conjugation on the 
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one-dimensional P-'^'s. The procedure provides therefore a compactification for the classical F-theory moduli 
space M f- 

t\n c (t\ny 

with boundary strata given by points and copies of (PSL(2,Z) x: Z2) \IHI with Z2 generated by r ^ — f. 

It is known that Baily-Borel construction gives the minimal geometrically meaningful compactification of 
r\$l in the sense that it is dominated by any other geometric compactification. However, the disadvantage of 
the method is that the boundary has large codimension (it consists of only points and curves) and contains 
only partial geometrical information. One avoids these inconveniences by using a blow-up of the Baily-Borcl 
construction, the toroidal compactification of Mumford 1 . This compactification, although not canonical in 
general, gives divisors as boundary components and carries significantly more geometrical information. The 
main arguments describing the construction, as presented in and 9 , are as follows. 

The Mumford boundary components associated to T\n involve again the maximal rational parabolic 
subgroups of 0(2, 18). These are stabilizers of non-trivial isotropic subspaces Vq C Lq (8)^ Q. The lattice Lq 
has signature (2, 18), and hence, if Vq is isotropic then its dimension is either 2 or 1. If dim(VQ) = 1, then 
the associated Baily-Borel rational boundary component F is represented by just a point. Such a component 
is called of Type III. For dim(VQ) = 2, the corresponding boundary component F is 1-dimensional. In this 
case F is said to be of Type II. Each rational Baily-Borel component F will determine a Mumford boundary 
component B{F). We shall be concerned here only with describing the components of Type II for which the 
construction is canonical. 

Let Vq be a rank-two isotropic lattice and F the associated Baily-Borel component. We denote: 

P{F) = Stab (Mr) C 0(2,18) 

W{F) — the unipotent radical of P{F) 

U{F) = the center of W{F). 

It turns out that U{F) is 1-dimensional (also definable over Q) and the Lie algebra of its real form can be 
described as: 

u{F) = {iV e Hom ((Lo)r, (Lo)r) | Im(iV) C Vk and {Na, b) + (a, Nb) ^0,ya,be (Lo)r }. (24) 

One obtains that any N e u{F) satisfies — 0, Im(Af) — Vr and Ker(iV) — Vj^. There is then an 
associated weight filtration: 

C Vk C C (Lo)r. (25) 

We pick a primitive integral endomorphism G u{F) and consider the groups: 

U(iV)c = {cxp (AA^) I A e C } 

U(7V)z = {exp(AAr) |AeZ} = U(iV)c n 0++(2, 18; Z). 
The group V{N)c acts upon the extended period domain 

r!^ ={ [z]eP(Lo®zC) I (z,z) = 0}. 

providing an intermediate filtration fl C ^{F) C fi^ where ^{F) = U(A^)c • 

One defines then the Mumford boundary component associated to F as the space of nilpotent orbits: 

B{F) = r!(F)/U(7V)c. (26) 

In this setting, 

f}(i^)/U(iV)z ^ BiF) (27) 
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is a holomorphic principal bundle with structure group lJ{N)c/V{N)z — C*. The inclusion 

n/\j{N)z ^ n{F)/\j{N)z 

realizes ft/\J{N)z as an open subset in the total space of H27|) . Let then: 

n{F)/V{N)2 = (r!(F)/U(iV)z) Xc-C. (28) 
This amounts to gluing in the zero section in the C*-fibration (|27|l . One defines then: 

n/\J{N)z =^ interior of the closure of n/V{N)z in n{F)/\J{N)z. 
Set-theoretically, one has: 

n/U(7V)z = n/V{N)^ U BiF). 

Finally: 

n 1^' y 0/U(7V)z - U |^|JS(F)j (29) 

the union being performed over all rational Baily-Borel boundary components of Type II. This space inherits 
a topology. The arithmetic action of F induces a closed discrete equivalence relation on (|29|) . The quotient 
space, denoted by T\fl, enjoys the following properties (see PP, for details): 

Theorem 4. 

• F\fi is a quasi-projective analytic variety. 

• T\fl contains T\n as a Zariski open dense subset. 

• The complement T\il — T\Q. consists of two irreducible divisors. These divisors are quotients of 
smooth spaces by finite group actions. 

We shall denote the two divisors by "De^qEs and Prie- The reason for this terminology is the following. The 
two Type II divisors in question correspond to the two distinct orbits in F\/2(Lo) where /2(Lo) is the set of 
primitive isotropic rank- two sub-lattices in Lq. On can identify the orbit to which a certain isotropic sub- 
lattice belongs using the following recipe. Let V G /2(Lo). The quotient lattice /V is even, unimodular, 
negative-definite and has rank 16. It is known that, up to isomorphism, there exists only two lattices of this 
type: —{E^^Ef,) and —Fig. The two isomorphism classes perfectly differentiate the two orbits in F\/2(Lo). 
There are therefore only two distinct Baily-Borcl boundary curves in 

and, accordingly, there are two Type II components in Mumford's compactification. 
In fact, for each isotropic sub-lattice V there is a natural projection: 

B{F) F (30) 

defined by assigning to a nilpotent orbit {U(A^)c • the complex line {i^}^ n Vc C Vc- We shall see the 
geometrical significance of (|30f) in the next section. At this point, we just note that these projections descend 
to maps from the Type II Mumford divisors to the two Baily-Borel boundary curves under 

f\Q. {V\a)* . 

As mentioned earlier, the main goal of this paper is to describe explicitly the structure of F\J7 in a 
neighborhood of the two Type II divisors "DesQEs and "Dtis- C)ur description will go along the following 
direction. Let F be a Type II Baily-Borel component and denote by Fj? = P{F) n F the stabilizer of the 
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associated isotropic sub-lattice V. As subgroup of F, the group Tp induces an equivalence relation on 
dominating the F-onc. One obtains therefore the following sequence of analytic projections: 

II ^ FfX^ ^ T\U. (31) 

Then, as explained in Chapter 5 of 
Lemma 5. There exists an open subset 

Up c n/\]{N)z c n, 

tubular neighborhood of the Mumford boundary component B{F) C VI such that on Vp -Up, the T-equivalence 
reduces to T p -equivalence. 

In the light of this lemma, the analytic projection: 

Tp\{Tp-Up) T\{Tp-Up) (32) 

is an isomorphism. One has therefore an analytic identification between an open neighborhood of the 
Mumford divisor associated to F in F\r2 and 

Vp=' Tp\{Tp-Up) C Vp\ n/\]{N)z C Tp\ n{F)/\]{N)z. 
But, as observed earlier, 

6: n{F)l\]{N)^ B{F) (33) 
is a holomorphic line bundle. After factoring out the action of F^?, one obtains a holomorphic C-fibration: 

9: Tp\n{F)/\]{N)j^ ^ Tp\B{F). (34) 

It is easy to see that Vp is a tubular neighborhood of the zero-section in (|34|l . 

Based on the above arguments, one concludes that an open subset of the period domain r\r2 which is 
a neighborhood of one of the two possible Type II divisors can be identified with an open neighborhood 
of the zero-section in the parabolic fibration (|34|l . Therefore, in order to describe the structure of if 3 in 
the vicinity of one of the two Type II divisors 'Dpg^QEs and I'rie: it is essential to explicitly describe the 
holomorphic type of l|34|l . We accomplish this task in sectional 

We finish this section with a note on the behavior of complex conjugation within the framework of the 
above construction. The complex conjugation on f2 extends naturally to an involution of VL giving producing 
complex conjugations on each Type II Mumford boundary component B{F). One can perform therefore a 
similar partial compactification: 

Mp = C t\VL 

with F\ri — F\r2 consisting of two boundary divisors (obtained as quotients of the two Type II divisors of 
T\VL by complex conjugation). Open neighborhoods of A^^? near the boundary divisors are still described 
by open neighborhoods of the zero-section in the total space of the parabolic cover 1)34(1 . 

2.4 Boundary Components and Hodge Structures 

One can give a Hodge theoretic interpretation for the boundary component B{F). A period w g $7 determines 
automatically a polarized Hodge structure of weight two on L(g)zC, corresponding geometrically to a marked 
elliptic K3 surface with section. Taking orthogonals with respect to the fixed hyperbolic sub-lattice H C h 
(which by construction consist of (1, l)-cycles and is therefore orthogonal to the period line), one obtains a 
polarized Hodge structure of weight two on Lo ®z C, 

c {w} C {uj}^ C Lo^zC. (35) 
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Let then V C ho he the primitive isotropic rank-two sub-lattice corresponding to the Type II Baily-Borel 
boundary component F. There is an induced weight filtration: 

c Vc C (Vc)^ C Lo®C. (36) 

Together, filtrations (|35|l and 136() yield a mixed Hodge structure on Lq C. Taking this point of view, one 
can regard the domain fl(F) = U{N)c ■ ^ as the space of mixed Hodge structures on the weight filtration 
(jSnil- These structures are acted upon by the group U{N)c- The Type II Mumford boundary component 

B{F) = n{F)/U{N)c 

appears then as the space of nilpotent orbits of such mixed Hodge structures. 

There are three {7(7V)c-invariant graded pure Hodge structures associated to each nilpotent orbit in 
6(F): 

c M^nVc C Vc (37) 
c {{uj}nv^ + Vc) /Vc c {M^nv^ + Vc) /Vc c V^/Vc (38) 

C i{u;} + V^)/V^ C {{io}^ + V^)/Vc^ C {K)c/V^ (39) 

The first one, which we denote by 7i, is a pure Hodge structure of weight one induced on Vc and is polarized 
with respect to a certain non-degenerate skew-symmetric bilinear form (•, •)! on V. Let (•, •)3 be the bilinear 
form on ho/V^ given by (cc, y)i — (x, Ny) and (•, Oi be the form on V under which the isomorphism: 

N:l.o/V^-^V (40) 

becomes an isometry. One has then (x, y)i = (x, y) for x,y &V , where a; is a lift of a; to Lq. The bilinear form 
(•, •)! is non-degenerate and skew-symmetric. The space B{F) of nilpotent L''(A'')c-orbits has two connected 
components and one can check that the Hodge structure (|37|l is polarized with respect to {■,■)! or — (•, Oi 
depending on the component the nilpotent orbit is part of. We agree to denote by B'^{F) the component 
for which l|H7j) is polarized with respect to (•, Oi- Then 

B{F)^B+{F)UB+{F). 

The second graded Hodge structure, described in has pure weight two and can be seen to be of 

type (1,1). Finally, the third Hodge structure has weight three, but one can check that, under the 
isomorphism 140|l . filtration (|39|l is just the (1, l)-shift of Hodge structure (|37() . 

A mixed Hodge structure contains considerably more than the sum of its graded pieces. The first two 
graded parts are glued together by the extension of mixed Hodge structures: 

{Q} ^V ^V^ ^V^ /V ^ {Q}. (41) 

In fact, one can check that the Hodge structure (|37|l together with the extension (|41|l completely determines 
the nilpotent orbit of oj. This gives a natural isomorphism between B{F) and the space of equivalence classes 
of extensions of type (|41(l . Such extensions of mixed Hodge structures have been studied by Carlson in j^l . 
They are classified, up to isomorphism, by an abelian group homomorphism: 

il::K^J^{H) (42) 

where A is the lattice /^)j^ and J^i/H) = Vc/ ({w}^ f^Vc + Vz) is the generalized Jacobian associated 
to the pure Hodge structure Ti. described in (|37|l . As mentioned before, A has to be unimodular, even, 
negative-definite and of rank 16. 

One obtains then that, for a given Type II Baily-Borel component F, the Mumford boundary points lying 
in B{F) can be identified with pairs {H, ip) consisting of polarized Hodge structures Ti, of weight one on Vc 
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together with homomorphisms ip: h ^ J^{E) where A = (V^/V)^. The projection to the 7i-component 
{Hjip) Ti, recovers exactly the projection: 

B{F) -> F 

mentioned in the arithmetic discussion of previous section. 



3 Stable K3 Surfaces 

To this point we have described the partial compactification: 



T\n c T\n (43) 

from a purely arithmetic point of view. In this section, we claim that the above compactification also has 
a geometrical interpretation. Namely, under the period map identification A4k3 = ^\^, (I43|l amounts to 
enlarging the moduli space Mks by allowing certain explicit degenerations of elliptic K3 surfaces with 
section. 

Let Ai = {Es Es) and A2 — Fig be the two possible equivalence classes of unimodular, even, positive- 
definite lattices of rank 16. We claim that there is an identification: 

( ■ . j.i,A;ri-j1 elhptic Type II stable I 

J pomts on the Mumford I — ^ J "^.rj/-,. \ 



\ boundary divizor Va. ] 



K?, surfaces with section 
in Ai-category 



and furthermore, the above correspondence can be regarded as a natural extension of the period map to the 
boundary. 



3.1 Definition and Examples 

Let us start by reviewing the notion of a Type II stable K?> surface (following ^U] JT]) and the reason 
why these objects are natural geometrical candidates to be associated with the arithmetic Type II Mumford 
boundary points. 

Definition 6. A Type II stable K3 surface is a surface with normal crossings 

Zo =XiUX2 (44) 

satisfying the properties: 

• Xi and X2 are smooth rational surfaces. 

• Xi and X2 intersect with normal crossings and D = Xi H X2 is a smooth elliptic curve. 

• D e\-KxA for 1^1,2. 

• ^D/Xi ®^D/X2 =Od (d- semi- stability). 



Let us note that the above conditions imply that uJZa — , where lOZo is the dualizing sheaf. Specializing the 
above definition, we say that a Type II stable surface is endowed with an elliptic structure with section 
if Zo is in one of the following categories: 

(a) Both smooth rational surfaces Xi are endowed with elliptic fibrations Xi with sections Sid Xi. 

The double curve Z? is a smooth elliptic fiber on both sides. The two sections S\ and S2 meet D at 
the same point. 
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(b) Both smooth rational surfaces Xi carry rulings defining maps Xi P^. The two restrictions on the 
double curve D agree, providing the same branched double-cover 13 — > P^. In addition Xi is endowed 
with a fixed section of the ruling, denoted So, disjoint from D. 

In short, a stable surface Zo is, in the case (a), the total space of an elliptic fibration Xi U X2 ^ P^ U P^ 
with a fixed section given by So — SiU S2- In the case (b), Zo is the total space of a fibration Xi U X2 
whose generic fiber is a union of two smooth rational curves meeting at two points. The fixed rational curve 
5'o C — Z3 is a section for the fibration. For reasons to be clarified shortly, we shall sometime refer to (a) 
and (b) as Eg Eg and Fig categories, respectively. 

Two elliptic Type II stable K3 surfaces with section Zo and Z'^ are said to be isomorphic if there exists an 
isomorphism of analytic varieties /: Zo Z'^ entering a commutative diagram (depending on the category): 

Xi U X2 " 1 ^ X[ UX!^ XiU X2 ■ 1 X[ U X^ (45) 




The reasons why one considers the configurations in (a)-(b) as elliptic structures with section on a stable 
K3 surface will be explained in section Let us next describe explicit examples of such configurations. 
Our construction pattern is as follows. Let be a smooth elliptic curve. Consider po,qo ^ E and let 

E^P^ E^F'^, 

be the projective embeddings determined by the linear systems |3po| ^md |3go|- Pick 18 more points 
Pi,P2,- ■ -pis (not necessarily distinct) on E and partition them into two ordered subsets 

{Pi,P2, • • -Pt} U {pt+i,pt+2, ■ ■ -Pis}- 

Blow up the first copy of P^ at pi , p2 , • • • Pt (in the given order) and perform the same blow-up procedure on 
the second copy of P^ using the points pt+i,pt+2, ■ ■ -pis- Let Xi and X2 be the resulting surfaces. A surface 
Zo with normal crossings is obtained by gluing Xi and X2 together along the proper transforms of ^i{E) 
and (p2{E) using, as gluing map, the isomorphism (1^92)^^ ° ^i- 

Definition 7. A collection {3pQ;pi,p2, ■ ■ -pt', 3(7o;Pt+i • • 'Pis}, with 3po and Sqo considered as divisor classes 
in Pic(i?), is called a special family if one of the following sets of conditions holds: 

(a) t ^ 9, p9 = Pis and 

Oe{pi+P2-\ \-P8 +P9) = OEi9po), Osipw H hpis) = Osidgo)- 

(b) 2<t< 17, pi =P2 and 

C£;(pi + P2 + ■ • ■ + P18) = Oe{9po + 9qo), OEiipo - Pi) = OsiSgo - pt+i). 
Let {3pQ]pi,p2, ■ • - Pt] 5qo;pt+i ■ ■ -pis} be a special family on E. Denote by 

Zo {E;3pa;pi,p2,- ■ ■ pt;3qo;pt+i ■ ■ ■ pis) 
the surface with normal crossings constructed by the pattern described earlier. 
Theorem 8. The surface: 

Zo {E;3po;pi,P2,- ■ -Pu^qolPt+i ■ ■ ■ Pib) 

is an elliptic Type II stable K3 surface with section. Moreover the surface falls in category (a) when the 
special family satisfies condition (a), and in category (b) when the special family satisfies condition (b). 
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Proof. Assume that {3po;Pi,P2, • • 'Pg; 3(jo;Pio • • 'Pis} is a special family of type (a). Then, the double curve 
D of Zo is smooth elliptic and satisfies D G \ — Kxi\, = 0. A computation involving Riemann-Roch 
theorem leads to h^{Xi,D) — 2. The linear system |D| is a base-point free pencil on each Xi and induces 
elliptic fibrations Xi — )■ . The exceptional curves Eg and Eis corresponding to pg and pis are sections in 
the two fibrations and they meet the double curve D at the same point. The d-stability condition on Zg is 
satisfied as both normal bundles Njj jx^ are holomorphically trivial. We have therefore an explicit model 

Zo (E; 3po;pi,P2, ■ ■ -pg; 3qo;Pw ■ ■ -Pis) = XiU X2 

for an elliptic Type II stable K3 surface with section in the (a)-category. 

We treat now the case when {3po;pi,p2, ■ ■ -Pt] 3(;o;Pt+i • • 'Pis} is a special family of type (b). Let Hi, H2 
be the hyper-plane divisors of the two copies of and denote by Ei the exceptional curve corresponding to 
Pi. The linear systems \Hi — Ei\ and \H2 — i^t+i| are base-point free pencils inducing rulings Xi ^ V^. The 
restrictions of the two rulings agree on the double curve D, recovering the branched double cover E —> 
associated to the pencil |3po ^Pi \ ~ |3go ~Pt+i\- Moreover, if one denotes by So the proper transform of Ei 
in Xi, then So is a smooth rational curve, with self-intersection —2, disjoint from D, and realizing a section 
of the ruling Xi ^ P^. The d-semi-stability condition on Zo {E; 3po;PijP2, ■ ■ 'Pt', '^<lo',Pt+i • • 'Pis) is satisfied 
since the line bundle Njj/x-^ ®N]j/x2 is represented on E by the principal divisor 9po + 9go— Pi —P2 — ' ■ Pis- 
We obtain therefore an elliptic Type II stable Ki surface with section 

Zo {E;3po;pi,p2, ■ ■ ■ pt;3qo;pt+i ■ ■ -Pis) ^ XiU X2 

in the (b)-category. □ 

The surfaces of Theorem |H1 represent quite a large set of examples of elliptic Type II stable K3 surfaces with 
section. In fact, one can see that, up to certain explicit transformations, these surfaces actually exhaust all 
possibilities. 

Definition 9. Let Zo be an elliptic Type 11 stable surface with section. A blowdown 

p: Zo ^ p2 UP^ 

consists of two sequences of applications: 

pi:Xi= X^") ^ X[''-'^ ^ > ) ^ X[°'> (46) 



P2:X2^ A^™^ ^ A*"-'^ ^ > A*') A^°) (47) 

such that: 

1. The surfaces xf'^ and x!f '' are copies o/P^. 

2. Each map is a contraction of an exceptional curve in X^ . 

3. If Zo is of type (a) then Si, S2 are the exceptional curves associated to Aj"-* —t A-[" and X^^ — > 

j^(m-l) 

4- If Zo is of type (b) then the exceptional curve associated to X^^^ xf ^\ l> 2, is a component of a 
reducible fiber of the ruling. Moreover, for i = 1, / > 3 this exceptional curve is disjoint from So. 

Due to their specific construction pattern, the special surfaces Zo (E; 3po;Pi,P2, ■ ■ 'Pt', '^qo'iPt+i • ■ 'Pis) carry 
a canonical blow-down. Furthermore, if a stable surface Zo admits a blow-down, then Zo is isomorphic to 
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a special surface of Theorem |S1 Indeed, let us assume a choice of blow-down p: Zq U P^. Choose 

POtQo & D such that 3po and 3go hyper-plane section divisors for the embeddings: 

Let xi,X2, - ■ ■ , a;„, j/i, ?;2, ■ • • Um be the points of intersection between the exceptional curves 

and the double curve D. A cohomology calculation shows that m + n = 18. Then, one can see that 

{3po; xi, X2, ■ ■ ■ , Xn] Sgo; 2/1, 2/2, ■ ■ ■ Um} is a special family and there is a canonical isomorphism: 

Zo ~ Zo(i:);3po;a;i,a;2,--- ,a;„;3(jo;yi,2/2,---ym) 
restricting to identity over D. 

Proposition 10. For any elliptic Type II stable K3 surface with section Zo in category (a), there exists a 
blow-down p: Zo P^ U P^ 

Proof. As rational surfaces, both Xi and X2 have to dominate one of the geometrically ruled rational surfaces 
F„, n > 0. Since D meets all exceptional curves, the double curve has to be the proper transform of an 
effective anti-canonical divisor in F„. Such divisors exist only if n < 2. But Fi dominates F^ and Fq, F2 
also dominate P^ after blowing up a point on an anti-canonical curve. Therefore, if Xi is neither Fq nor 
F2 (which is the case here since Xi, X2 are elliptic), one can always find blow-up sequences as in H4t)|l and 
(|47|l . Since = on each Xi, it has to be that n = m = 9. Moreover, one can always choose the section 
components Si as the first exceptional curves to be contracted on each side. We have therefore a blow-down 
p: ^ P2 U P2 as in definition ©. □ 

Not all stable surfaces of category (b) admit blow-downs in the sense of Definition ^ X2 may be Fq or F2 
and Xi may be F2. None of these surfaces dominate P^. However, it can be shown that any Zo of category 
(b) can be transformed, using certain explicit modifications, to a surface that admits blow-downs. 

An elementary modification of an elliptic Type II stable K3 surface with section Zo of category (b) 
consists of the blow-down of an exceptional curve C lying inside a fiber of the ruling Xi and disjoint 

from 5*0, followed by the blow-up of the resulting point on the opposite rational surface. The resulting Z'^ is 
still an elliptic Type II K3 surface with section in category (b). 

Proposition 11. Any elliptic Type II stable K3 surface Zo with section of category (b) can be transformed, 
using elementary modifications, to a surface which admits a blow-down. 

Proof. We claim that, using elementary modifications, one can transform Zo to a new stable surface Z'^ such 
that X'2 = Fi. Indeed, using an argument mentioned during the proof of Proposition^! X2 is either Fq, or 
F2 or dominates Fi. If there is a blow-down X2 Fi then perform elementary transformations consisting 
of flipping successively to Xi the exceptional curves involved in the blow-down. The new X2 is clearly Fi. If 
X2 is rather a copy of Fq or F2 then, choose an exceptional curve C sitting inside a flber of the ruling on Xi 
[Xi and X2 cannot be simultaneously geometrically ruled). Let p be the point where C meets the double 
curve. Perform the elementary transform that takes C to X2 and flip back to Xi the proper transform of 
the initial rational flber through p in X2. The resulting X[ is then a copy of Fi. Contracting the unique 
section of negative self-intersection one obtains: 

X2 ^ Xi°^ (48) 

with Xj"'' isomorphic to a projective space P^. 

Assuming X2 = Fi, one has that Xi is ruled but not geometrically ruled. Let us then describe the 
blow-down process 

Xi = Xl") ^ X}"-'^ ^ > Xi'^ ^ Xi°\ (49) 

We contract successively exceptional curves inside the reducible flbers of Xi , making sure that the exceptional 

(2) 

curves in question do not intersect So. One can use this procedure to reduce Xi to a new ruled surface X^ 



14 



which has a unique reducible fiber F consisting of a union Ci U C2 of two smooth exceptional curves. Pick 
the curve, among Ci,C2, which intersects So and contract it. One obtains in this manner a projection 
X[^^ with Xj;^-* geometrically ruled of type Fi. After contracting the image of So, we are left with 

x[^^ which is a copy of . Sequences (|^ and determine a blowdown p : Zo — > U . □ 

Summarizing the facts, every elliptic Type II stable K3 surface with section of category (a) is isomorphic to a 
surface Zo{D; 3po; Xp,p2, ■■ ■ ,P9; 3go;pio,Pii, • • -pis) with {3po; Xp,p2, ■ ■ ■ ,^9; 3go;pio,Pii, • • -Pw} a special 
family on D. Every stable surface of category (b) can be transformed, after elementary modifications to a 
surface Zo{D; 3po;Pi,P2, ■ • • ,Pi7; 3go;Pi8) associated to a special family {3po;pi,P2, ■ ■ ■ ,Pn\ iqo;Pi%}- 

3.2 Stable Periods and Torelli Theorem 

We are now in position to provide the formal connection between Type II elliptic stable ifS surfaces with 
section and Type II boundary points in the arithmetic partial compactification of r\f2. This correspondence 
will be later justified geometrically as an extended period map, using the theory of KZ degenerations. 

Theorem 12. Let Zo be an elliptic Type II K3 surface with section. Denote by D the double curve. One 
can naturally associate to Zo a rank-sixteen unimodular even negative- definite lattice Kz„ together with an 
abelian group homomorphism: 

■iAzo : Ja.c{D). 

Moreover, Kz^ is a lattice of type —{Eg, © Eg,), for surfaces Zo in the (a)-category, and is of type —Fig, for 
Zo in the (b)-category. 

Proof. We shall use a few known facts (see JT] and ^21) concerning the Hodge theory of a Type II stable 
K3 surface. The rank of H'^{Zo,'Z) is 21. The complex cohomology group H'^{Zo,C) carries a canonical 
mixed Hodge structure of weight filtration: 

C Wi CW2 - H^{Zo). (50) 

The two associated graded Hodge structures involved satisfy: 

Wi ~ H^{D) (isomorphism of Hodge structures), 

W2/W1 ~ Kci {H'^{Xi) ® H'^{X2)~^ H'^{D)) . 

One deduces that W2/W1 has rank 19 and carries a pure Hodge structure of type (1, 1). 
The mixed structure on H'^{Zo) produces an extension of mixed Hodge structures: 

^ Wi ^ W2 W2/W1 -> (51) 

which, according to Carlson |5| , is classified by the associated abelian group homomorphism: 

(W2/Wi)^ ji(Wi). (52) 

Here J"'^(Wi) = Wi/ F^W^ + (Wi)^ is the generalized Jacobian associated to the Hodge structure on Wi. 
There is a purely geometrical description for H52|l . Since the Hodge structure on Wi is isomorphic to the 
geometrical weight-one Hodge structure of the double curve D, one has a natural identification: 

ji(Wi) ~ Jac(L>) = Pic°(i:>). 

Moreover, since the two surfaces Xi, X2 are rational, any given cohomology class 

[L] e {W2/Wi)^ = Ker {H^{Xi,Z) ® H\X2,Z) H\D,Z)) 



15 



is uniquely represented by a pair of holomorphic line bundles L = {Li,L2) E Pic(Xi) x Pic(X2) satisfying 
Li ■ D = L2 ■ D. The image of [L] under H52I) can be then described as: 

^zA[L]) = OD(ii)®Oi3(-i2) e Pic°(I?) = Jacp). (53) 

In particular ipz^ ([-^]) = for any cohomology class [L] representing a Cartier divisor on Zq- 

The lattice (W2/Wi)2 has rank 19 and is indefinite. However, the elliptic structure with section on Zo 
induces a series of Cartier divisors producing special cohomology classes. Firstly, the section So, which in 
case (a) is represented by two rational curves in Xi and X2 meeting D at the same point, while in case (b) 
is a unique rational curve in Xi disjoint from D, determines a Cartier divisor So on Zo- Secondly, the fiber 
on Zo, which in case (a) consists of elliptic fibers merging at D, while in case (b) consists of rulings on each 
Xi agreeing over the double curve, determines a Cartier divisor class J-q. Thirdly, let: 

a = Ox, i-D) e Pic(Xi), 6 = Ox, (D) e Pic(X2). 

The d-stability condition assures us that the two line bundles agree over the double curve and therefore they 
can be seen to determine a line bundle ^ over Zo- The three Cartier divisors So,To,£,o on Zo determine 
integral cohomology classes: 

[So],[To],[U e (W2/Wi)^ 

satisfying [Sof = -2, [To? - 0, [^oY = 0, [So\.[To] = 1, {So\.{io\ = 0, = 0. 

Denote by {[Co]}''" the sub-lattice of (W2/Wi)2 orthogonal to the class [^o]- Clearly all three elements 
[Co] [So] and [To] belong to {[Co]}^- Then, define: 

Az„ c{[eo]}^/(z.[Co]) 

as the sub-lattice orthogonal to the equivalence classes induced by [So] and [To]- A simple observation 
involving the Hodge index theorem on Xi and X2 allows one to conclude that Kz^ is even, unimodular, 
negative-definite and of rank 16. As mentioned earlier, the extension homomorphism \b'6\ vanishes on coho- 
mology classes representing Cartier divisors. In particular ■02^ vanishes an all [So], [To] and [Co]- Therefore, 
without losing geometrical information, one can descend 1)53(1 to an abelian group homomorphism: 

V'z^: Az„ ^ Jac(I?). (54) 

The isomorphism type of the lattice Kz^ is characterized by the category to which the stable surface Zo 
belongs. Assume that Zo is a surface in the (a)-category. There is then a natural splitting Kz^ ~ A^ K\ 
where 

Ak = {7 e H\X,,Z) I 7 • [Z?] = 0, 7 • [S^] - }. 
Pick a blow-down p: Zq ^ U as in Definition El and consider the associated classes: 

{Hx,H2,Ei, - ■ ■ Ei^} d H^{Xx,Z) ® [X^ , Z) 

representing the proper transforms of a hyper-planes in P^ and the total transforms of the exceptional curves 
associated to the blow-ups X« ^ xf\ ^ ^ • • • ^ -> xf\ x!^^ ^ x!^\ xf^ ^ x!^\ ■ ■ ■ 

X!f^ ^ X!f\ Let ai,a2, - ■ ■ as, (3i,(32, - ■ ■ l^s be the following sixteen elements in Az^ : 

ai ^ El - E2, 0:2 = £'2 - E3, ■ ■ ■ , a7 = E-j - Es, as ^ Hi - Ei - E2 - E3 (55) 

f3i — Eio — Ell, (^2 = Ell — E12, ■ ■ ■ , — Eld — En, /?§ = -ff 2 — Eio — En — E12. 

One verifies that {ai, a2, - ■ ■ as} and /32, • • • Ps} are basis for A^ and A^ . Moreover, analyzing the 
intersection numbers, one finds out that, after changing the sign of the quadratic pairing, each of the two 
lines in (|55|) consists of a set of Es simple roots. 



(33 



. |34 /35 fie |37 
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The lattice Kz^ is therefore isomorphic to — ® Ef^). 

One can do a similar analysis in the case when Zq is in category (b). Note that the isomorphism class 
of the pair (A^^j-i/j^^) does not change under elementary modifications. Indeed, a modification that flips an 
exceptional curve C from Xi to X2 induces an isometry: 

ij2 (Xi ,Z)®H^ {X2 , Z) ^ {X[ ,I.)®H^ {X'2 , Z) (56) 



H'^{X[,1) ® 1[C] © H^{X2,Z) H^{X[,Z) ® Z[C] © H^{X2, Z). 

This map sends [C] G iJ^^j^^^^) ^o -[C] G H^{X'^,Z), [To] to [J^^], [5o] to [J^^] and [^o] to [^;]. There is 
then an induced lattice isomorphism A^^ ~ Kz' which clearly makes the diagram: 

J^z. = ^ ^ZL 



commutative. 

According to Proposition llll Zo can be transformed, using elementary modifications, such that the result- 
ing surface Z'^ admits a blow-down p: Z'^ ^ P^UP^ associated to a special family {3po;pi,p2, ■ ■ -Pn] 3(7o;Pi8} 
on D. In such conditions, a basis {71,72, • ■ -716} for A^/ is given by: 

71 — Hi — El — E2 ~ E3, 

l2= E3- Ei, j-i = E4~ E^, ■■■ , 7i4 = Ei5 - Eld (57) 
7i5 = EiQ — En, 7i6 = H2 — Eis + Eiq + En. 
One verifies that, after reversing the sign of the pairing, (|57|l is a root system of type Die. 



The lattice Az„ is therefore isomorphic to —Fig. □ 

We make now the connection with the arithmetic Mumford boundary points. In the notation of l2.^^l assume 
that F is a Type II Bailey-Borel component for r\il, corresponding to the isotropic rank-two sub-lattice 
V C Lo, and B{F) is the associated Type II Mumford boundary divisor. Let A be the rank-sixteen lattice 
/V. Recall from 12.41 that B{F) decomposes into two connected components 



B+{F)UB+{F) 

and there is a bijective identification between boundary points in B^{F) and pairs (7i, ^) consisting of 
weight-one Hodge structures on Vc polarized with respect to the skew-symmetric form (•, •)! together with 
abelian group homomorphisms ?/;: A — > J^(7i) . 

Let Zo be an elliptic Type II stable ifS surface with section as in definitional (a)-(b). Attach to Zo a set 
of markings 0i , ^2 consisting of isometries 

4)i: H\D,Z)-^V, 02:Az„^A. (58) 
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The marking <pi can be used to transport the geometrical weight-one Hodge structure Wi of D to a formal 
weight-one polarized Hodge structure Ti. on V. There is then an induced isomorphism of abelian groups 
Jac(I?) ~ J^(7i). This isomorphism, together with the marking 02, allows one to transport the homomor- 
phism i/'Zo of Theorem E| to a formal homomorphism ^p: A ^ (H) . In the light of the arguments in 
previous paragraph, this procedure can be regarded as a period correspondence, associating to every marked 
elliptic Type II stable K3 surface with section (^0,^1,^2) in A-category a marked stable period in the 
form of a pair {H, xp) G B+{F). 

One can further refine this correspondence by removing the markings and considering the pairs (7i, tp) 
modulo the isometrics of A and V. Let us denote by SL2(Z) the group of automorphisms of V preserving 
the skew-symmetric pairing (•, •)!. This group acts naturally on the set of weight-one Hodge structures on 
V polarized with respect to (•, •)!. Consider Aut(A) to be the group of isometrics of lattice A. The product 
group Q = Aut(A) x SL2(Z) acts then on the set of pairs (H^ip) as: 

= (a(H),5oV'o/-i) 

where a: J^iTi.) — > J^{a{TL)) is the natural isomorphism induced by a. It is clear that, given a marked 
triplet {Zo, </>!, 4)2) inducing a marked pair (7i, ip), a variation of markings (pi, <p2 or a change of Zq under an 
isomorphisms as in (|45ll leaves {Ti, tp) within the same fj-orbit. Therefore, one can associate to any elliptic 
Type II stable K3 surface with section a well-defined stable period in Q\B^{F). 

Definition 13. Two elliptic Type II stable K3 surfaces with section in the same category: 

Zo^XiU X2 and Z'^ = X[\J 
are said to be equivalent if one of the following holds: 

1. Zo and Z'g are isomorphic (as in (^5|J. 

2. Zo and Z'^ are both of category (a) and Zo is isomorphic to X2 U X[. 

3. Zo and Z'^ are both of category (b) and can be made to be isomorphic by transforming each of them 
using a finite sequence of elementary modifications. 

Let then Mf'^^'', A = Eg ® Es or Tie, be the coarse moduli spaces of equivalence classes in category (a), 
respective (b). It can be easily seen that the stable period of a surface Zo = Xi U X2 does not change 
when Zo gets replaced by X2 U Xi (if Zo is of category (a) ) or when Zo gets transformed by an elementary 
modification. One has therefore a well-defined period map: 

per^ : X^*""" ^ g\B+{F). (59) 

Furthermore, as we shall see from the analysis in section 15.21 there exists a natural group isomorphism 
Q ~ — P{F) U r+ (recall that P{F) is the rational parabolic subgroup associated to the Baily-Borel 
boundary component F). Moreover, under this isomorphism, the action of Q on B^{F) reduces to the 
standard arithmetic action of P{F) U F^. This produces a natural identification: 

g\B+{F) ~ F+ B+{F) ^ Tf\B{F) = Pa- 

One can therefore interpret the stable period of an elliptic Type II stable K3 surface with section as a point 
of the arithmetic Mumford divisor I?a and hence regard (|59|) as a map per^: Jvl^j^'^^^" Va. 

Theorem 14. The map ^59^ is an isomorphism. 

We prove this statement in two steps. To begin with, let us show that H59|) is injective. 

Theorem 15. Two stable surfaces Zo and Zo of category (a), which have the same stable period, are 
equivalent. 
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Proof. This follows from standard results concerning Eg del Pezzo surfaces (see [7] and for details). 
If Zo = XiU X2 and Z'^ = X'l U X2 are stable surfaces of category (a), then, after contracting the sections, 
one obtains four E% del Pezzo surfaces Xi, X2, X[, X!^. Moreover, one has isomorphisms: 

A^o = Ak®A|^ - [Kx,]^ ®[K^^^]^ ^H'^{Xi,Z)®H'^{X2,'L) 

Az- = A^, eA|, ~ [K^,^]^®[K^,^]^ (iH'^{X[,Z)®H^{X'2,Z). 

It was proved in ^3] that the isomorphism class of a pair (X, _D), consisting of an E^ del Pezzo surface X with 
an embedded smooth elliptic curve D, is determined by the map [i^^]"*" Jac(_D) modulo Weyl equivalence. 
Based on this argument, assuming that Zo and Z'^ determine the same stable period in Q\B^{F), it follows 
that there is an isomorphism of elliptic curves D D' which extends to an isomorphism of stable surfaces 
of either ATi U ~ X{ U X'^ form or Xi U ~ AT^ U X[ form. □ 

We use different arguments for justifying the analog of Theorem 1151 for stable surfaces of category (b). As 
shown earlier, given an elliptic Type II stable Ki surface with section Zo = ATi U X2 of category (b), one can 
always transform Zo, by performing elementary modifications, to a new stable surface Z'^ such that X2 ~ Fi. 
In this setting, there exists blowdowns p: Z'^ — > U and each choice of such blowdown induces a Diq 
simple root system 

{71, 72, ■ • -716} 

for Az' , as described in H57(l . The model Z'o and the blowdown p are far from being unique. One can further 
transform Zo, using sequences of elementary modifications, to new surfaces Z", satisfying Xlj ~ Fi, but not 
isomorphic to Z^. However, any modification from Zo to Z'o induces a canonical isomorphism T : Az^ ~^ J^z' 
(see (ISSI) ) entering the commutative diagram: 

Az„ ^ Az' 



iac{D). " 

Lemma 16. Let Zo he an elliptic Type II stable surface with section, of category (b). For any basis of of 
simple roots § C Az„ , there exists a sequence of elementary modifications transforming Zo to a new stable 
surface Z'^ ^ X[ U X2 with X2 — Fi and a blowdown p: Z'^ ^ U F'^ such that the simple root system 
associated to p is T (S). 

Proof. Any two sets of Diq simple roots can be transformed one into the other using a Weyl transformation. 
It suffices then to show that, given Zo with X2 — Fi and fixing a blowdown po: Zo P^ U with 
associated set of simple roots So, for any Weyl transformation w G W{Az^), there exists a sequence of 
elementary modifications transforming Zo to Z'o with X2 — Fi and a blowdown p: Z'o ^ F'^ UF'^ , such that 
the simple root set associated to p is T (w • So). 

Let IIi,Ei, - ■ ■ En and H2 , Eis be the hyper-plane sections and the total transforms of the exceptional 
curves associated to po. The simple root set So is: 

71 = i7i - ^1 - ^2 - E3, 72 - ^3 - Ei, 73 = Ei-Er,, • • • ,714 = ^15 - ^le (60) 

7i5 — EiQ — En, 7i6 = II2 — Eis + Eiq + En. 

We define ei,e2 - ■ ■ , eie, elements of Az„ 181 Q given by: 

£1 =^{H2~Eis)+Hi-Ei-E2, ei = ^iH2- Eis) + Ei+i, 2 < / < 16. 

The set {ei, £2 • ■ ■ , eie} forms an orthonormal basis for A^ (g) Q (when changing the sign of the quadratic 
form) and the roots in So appear as: 



7; = £/ - £/+i, for 1 < Z < 15, and 716 = £15 



■'16- 
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In this setting, it is known that the Weyl group W{Az^) is generated by permutations of ei, £2 • • • , £i6 and 
transformations tij, I < i < j < 16 taking £i,£j to —ei,—ej and leaving all other ei unchanged. In what 
follows, we shall indicate the elementary modifications and the change in blowdown sequence generating, at 
the level of roots, transpositions {ei,Sj). One can use a similar technique to treat the transformations tij. 

We shall denote by xj'' the surfaces obtained from Xi during the blowdown po, by Ei the corresponding 

(17) 

contracting curves, and by pi the intersection points D D Ei. Start with Xi — X^ and contract suc- 
cessively En, ■ ■ ■ Ej^2- The resulting surface is x[-'^^\ The total transform of E'i+i on xj"'^^'' is a chain 
Ci U C2 U • • • U Cfc of smooth rational curves with self- intersection —2, with the exception of Ci which is 
exceptional. One has intersecting numbers C; • C;+i = lforl<Z<fc — 1 and C; ■ C'l — otherwise. Flip 
Ci, C2, • • • Ck-i, successively, to X2 and then contract Ck- Then flip Ck-i,Ck-2, ■ ■ ■ C2 back. Flip Ej+i to 
the right. Denote the resulting stable surface by Xl U X2- Next, if i > 2 then contract successively the 
curves Ej,Ej-i, ■ ■ • i?i+2 on X^. Let the resulting surface be denoted X[^^. Flip back from X2 and 

contract it on Xl'^^. The resulting surface is exactly X^"^ U X2. Keep then the rest of the blowdown intact 
and construct the upper part of the new blowdown p by retracing the steps and blowing up successively the 
points pj+i,p,+2,K+3, ■ • ■ ,P],Pi+i,P]+2, ■ ■ -Pn, on x['\ 

x,=x["^ ^ 

1 

1 



The new stable surface Z'^ — X[UX2 is obtained from Zq through vcb a sequence of elementary modifications 
and the simple root system associated to the blowdown p is T (w • §o)- 

The case i = 1 requires a slight modification of the above procedure. After obtaining X(^^ continue 
by contracting the proper transform of the line passing through pi with multiplicity two. Flip -Ej+i to X2. 
Denote the resulting stable surface by Xf U X2- Contract successively Ej,Ej^i, ■ ■ ■ E3 on Xl. Flip Ej+i 
back to the left. Contract the image of the proper transform of the line passing through pi and pi+i and then 
contract the image of the proper transform of the line passing through pi and pi+i- The resulting surface is 
a copy of . □ 

We are then in position to justify the injectivity of the stable period map H59|l for category (b) surfaces. 

Theorem 17. Two stable surfaces Zq and Z'^ of category (h), which have the same stable period, are 
equivalent. 

Proof. Since elementary modifications do not vary the stable period, we can assume that both X2 and X2 
are copies of Fi . Choose a blowdown p: ^ U and denote by S C A^^ the associated basis of simple 
roots. 

Let (01, (/'2) , {4>'iT<t>2) markings for Zo, Z'^ as in H58|l . Denote by {Ti,ip), {TL' the induced marked 
periods. Since the stable periods of the two surfaces are identical, there must exist isometrics a and / for V 
and A, respectively, such that: 

Let S' ~ ° f ° ^"i) (^)- Then §' is a basis of simple roots in Kz'^ and, according to Lemma [TBI 

there exists a new stable surface Z", obtained from Z'^ through a sequence of elementary modifications, 
which admits a blowdown p" : — s- P^ U P^ such that the simple root basis S" associated to p" satisfies 
§" = T(§')- Let then (3po;Pi,P2,P3, • • • ,Pi6,Pi7; 3go;Pi8) and {^Po;Pi,P2,p'i,- ■ ■ ,p'{Q,p'{f,3q'^;p'{s) be the 
two special families on D and D' induced by the blowdowns p and p" , respectively. Fix base points on D 
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and D' and consider the induced identifications: 

D ~ Jac(L») = J\n), D' ~ Jac(i:>') = j\n'). 
Use these identifications to define an abelian group isomorphism: 

V: D J\n) J\H') D' . (61) 

and then construct rj: D D' with rj{p) — r]{p) — r]{pi) + Pi- It turns out then that the isomorphism 
r] transports the special family (3po;Pi,P2,P3, • • • , Pie, Pit; ^olPis) to {ipo;Pi,P2,P3, ■ ■ ■ jP'/eiK?; ^I'olPis)- 
This imphes that Zo and are isomorphic which, in turn, implies that Zo and Z'^ are equivalent. □ 

One concludes from Theorems 1151 and 1 1 71 that the stable period map: 

pevj,: Mf^'''" ^g\B+{F) (62) 

is injective. Let us then complete the proof of Theorem 1141 

Theorem 18. The period map (|6'i^ is surjective. 

Proof. Let (7Y, V") be a pair in B^{F). We show that there exists a marked surface {Zo, ipi, 4>2) with stable 
marked period {Ti., The Hodge-theoretic Jacobian J^iH) is itself a pointed elliptic curve endowed with a 
natural group structure. We agree to call it {E,po) and denote by (f>i : H-^{E, Z) ~ F a marking that sends 
the geometrical Hodge structure of E to Ti.. In particular, 02 induces a group isomorphism 

E 3ac{E) J\n). (63) 

If A = i?g © Eg, pick a basis for {ai, • • • as, 6i, • • • bg} for A such that {ai, ■ ■ ■ as} and {&i, • • • &§} are Es 
systems of simple roots. In what follows, we construct 19 points on E, denoted qo,Xi,X2 ■ ■ ■ Xg,yi,y2 ■ ■ -yg- 
Choose xi ^ E such that: 

3xi = 2ip{ai) + 7/1(02) - 'ipias)- 
Then construct p2,- ■ -pg, recursively, by the rule: 

xi = xi-i — ipiai^i), for 2 < Z < 8 

Xg = -{xi +X2^ h Xs)- 

Then set yg = xg and: 

yi = yg + (7VX6i) + 6^(62) + 5^(63) + • • • + 2^(66) + ^(^7)) - 3 (2^(6i) + ^(62) - ^(63)) • 

Construct then recursively y; = + ?/'(6;_i) for 2 < ' < 8 and then pick qq E such that: 

3go = 2^{bi) + Hb2) - 4'{bs) + iyi- 

One verifies that {?>pq;xi,X2,- ■ • xg; 3(jo; J/i, 2/2, • • ■yo) is a special family of category (a) on E. The stable 
surface 

Zo = Zo{E;3po;xi,X2, - ■ ■xg;3qo;yi,y2, - ■ - yg) (64) 

is then an elliptic Type II stable K3 surface with section, of category (a). Moreover, Zo comes endowed with 
a natural blow-down. Let {ai, a2, - ■ ■ as, /?2, • • • Ps} C Az^ be the ordered set of simple roots associated to 
the respective blow-down. Then, under the isomorphism ''jjZai'^i) = '4'{o-i)j ipZoiPi) — V'(^i) for 1 < i < 
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8. In other words, if 02 : ^ A is the marking sending {ai, a2, ■ ■ ■ ag, /32, • ' ' /^s} to {ai, • • • as, bi, - ■ ■ fog}, 
then the diagram: 

Az„ Jac(£;) 



A- 



is commutative, we conclude that the marked stable period of the marked triplet {Zq, (t>i, 4>2) coincides with 
the pair {H,ip). 

A similar procedure can be used if A = Fig. Fix {ci, C2, • • • cig} a basis of Die simple roots in A. We 
shall construct a set of 19 points q(),pi,p2, ■ ■ -pis in E. To begin with pick pi £ E such that: 



3pi 



(2V'(ci) + 2^(c2) + • • • + 2^/.(ci3) + 2V'(ci4) + ^(cis) + ^(cie)) 



Define then p2 = pi and construct recursively — pi-i — V'(c;-2) for 3 < Z < 17. Pick then qq Cz E such 
that: 

6go = 2pi +P2 +P3 H Pi7- 

Finally, set pis = pi + Bgo- It follows then that (3po;pi,P2, • ■ -pn, 3qo;pi8) is a special family of category 
(b) on E. Then, 

Zo = Zo{E;3po;pi,p2, - ■ ■Pi7;^qo;Pi8) (65) 

is an elliptic Type II stable if 3 surface with section endowed with a canonical blow-down. If {71 , 72 , ■ • ■ 7i6} C 
Az^ is the ordered set of simple roots associated to the respective blow-down, then, under the isomorphism 
(I63|l . one has. ipZaili) = 1 < « < 16. Therefore, if one sets a marking ^2 '■ ^Za ~^ ^ such that the or- 

dered basis {71, 72, • • • 716} is sent to {ci, C2, • • • Cig}, then the marked stable period associated to {Z^, (j)i,(j)2) 



3.3 Stable Surfaces as K3 Degenerations 

We have seen that the two Type II Mumford boundary divisors 2?_Es©-E8 involved in the partial compactifica- 
tion of T\il can be regarded as moduli spaces of periods for elliptic Type II stable K3 surfaces with section 
in the Eg, Eg and Fig category, respectively. In this section we justify the presence of such surfaces from a 
geometrical point of view, as they appear naturally as central fibers for certain degenerations of K3 surfaces. 

Definition 19. A one-variable degeneration of elliptically fibered K5 surfaces with section consists of a 
commutative diagram of analytic maps: 

Z A (66) 



5* 

where Z is a smooth three-fold, S is a smooth surface, A is the unit disk. In addition, the structure requires 
the presence of an analytic section s: S Z and of a line bundle T on Z , such that: 

• For every t G A*, Zt is a smooth KZ surface, St is a smooth rational curve and the projection Zt — > St 
is an elliptic fibration with section St'- St Zt- 

• The restriction of T on Zt coincides with the line bundle associated to the elliptic fiber in Zt —* St- 
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Two degenerations Z A and ^ A as in ()66|l are said to be equivalent if one has a birational map 
a: Z ^ Z' entering the commutative diagram: 



a 




and satisfying T = a*T' . 

One can think of an equivalence class of KZ degenerations as a punctured disc embedded in the moduli 
space M.KZ- Intuitively, one can then regard the degenerated central fibers Zq as geometrical representa- 
tives for boundary points in a compactification of Mk3- A major difficulty appears here due to the fact 
that equivalent degenerations can have quite different central fibers. One tries to surmount this obstacle by 
restricting to more distinguished degenerations in the hope of obtaining a canonical model of central fiber 
for each degenerating equivalence class, which is a requirement for any attempt of geometrical partial com- 
pactification. Along this reasoning line (see [5] UHl 03 HO] for details), we restrict ourself to degenerations 
ZA A as in (|66|) which are semi-stable (meaning that the central fiber Zq is a surface with normal crossings) 
and satisfy Kz = Oz- We shall call these Kulikov degenerations. 

Since 7ri(A*) ~ Z, it is not necessarily possible to attach a consistent set of markings to the surfaces in 
such a Kulikov family. Attached to each degeneration, there is a monodromy operator: 

T e Aut{H^{Zt,Z)) (68) 

which can be described explicitly as the Picard-Lefschetz transformation obtained by transporting cycles 
around origin t = in A while preserving the classes representing the elliptic structure and section. The 
operator T is unipotent, meaning (T — J)"^ = which is equivalent to saying that its logarithm 

N = {T-I)-^{T-Tf (69) 

is a nilpotent endomorphism of H'^{Zt,Q) satisfying N'^ — 0. Complexifying the picture, one obtains a 
monodromy weight filtration: 

{0} C Im(7V2) dm (iV) n Ker (TV) C Im (iV) + Ker (iV) C Ker (TV^) C H^{Zt,C). (70) 

Moreover, as explained in the degeneration data produces a mixed Hodge structure on H'^{Zt,C) with 
weight filtration (TUJ, the limiting mixed Hodge structure. With respect to this structure, the nilpotent 
endomorphism N becomes a morphism of mixed Hodge structures of type (—1,-1). 

Kulikov degenerations fall into three categories, denoted Type I, Type H and Type III, depending on 
whether N = 0, N"^ = but A'' ^ 0, or A'^^ = but ^ 0. We shall restrict our attention here only to 
Type II families (TV 7^ but 7V^ = 0) as that will turn to be the case relevant to our prior discussion. In 
this case iV is always an integral endomorphism. The elliptic Type II stable K3 surfaces with section appear 
then naturally as central fibers for Type II degenerations with primitive N. 

Proposition 20. 

1. Let Z ^ A be a degeneration as in (|6'6|l which is Kulikov of Type II with primitive endomorphism N . 
The central fiber Zq is then an elliptic Type II stable surface with section. 

2. For every elliptic Type II stable K3 surface with section Zq, there exists a Type II Kulikov degeneration 
Z ^ A as in ^66} with central fiber Zq- 
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Proof. Both statements can be deduced easily from standard results on K3 degenerations (see [5] ^01 |Q| and 
[20]). Indeed, to prove the first part of the proposition, assume that Zq is a central fiber of a degeneration: 

Z^^A (71) 
S 

as in H6()|) . which is Kulikov of Type II with N primitive. Recall the following fact from |2(J| : 

Theorem 21. The central fiber of a Type II Kulikov degeneration of K3 surfaces is always a chain of smooth 
rational surfaces: 

Zq = XiUX2U---UXr+l. 

The surfaces V2, V3, ■ ■ ■ Vr are smooth elliptic ruled. The chain contains only double curves and all double 
curves are smooth and elliptic. 

The integer r can be detected by from the arithmetic of the degeneration by writing N — rNo with No 
primitive. Since we expect that N itself is primitive, it has to be that r — \ and therefore the central fiber 
Zo is a union Xi U X2 of two rational surfaces glued along an elliptic curve D. Let us analyze then the 
central fiber configuration: 

Xi\JX2^ So. (72) 

Since S* — > A is a degeneration of smooth rational curves, So has to be a chain of rational curves. The map 
()72|l is proper and its domain is a union of two irreducible varieties. Therefore, So cannot have more than 
two irreducible components. We divide then our discussion into two cases: 

1. So is a union Si U 5*2 of two copies of meeting at one point. 

2. So is a smooth rational curve. 

In the first case. Si represents the image of Xi through (|72|l and D is the fiber above the common point. 
We have therefore two elliptic fibrations Xi — > Si agreeing over the double curve. The section So'. So Zo 
allows us to regard 5*1 and 5*2 as two smooth rational curves embedded in Xi and X2, respectively. The 
two curves Si and ^2 meet D at the same point. This is exactly the configuration required for Zo to be an 
elliptic Type II stable K3 surface with section of category (a). 

In the second case, the section So lies entirely inside one of two surfaces Vi. Assume So C Vi. Since So 
corresponds to a Cartier divisor on Zo, it cannot intersect the double curve D. Therefore Sg = —2. The 
projection ifT^ restricts to rulings: 

T/, ->pi 

with the double curve D playing the role of a bi-section on each side. We obtain therefore that Zo is an 
elliptic Type II stable K3 surface with section of category (b). 

In order to prove the second assumption, we recall some facts pertaining to the deformation theory for 
stable K3 surfaces. 

Theorem 22. (JWjl) Let Zo be a Type II stable K3 surface. 

1. Zo is smoothable and appears as central fiber in a Kulikov semi- stable degeneration. 

2. The space of first- order deformations of Zo: 

T^^ =Exti {n\^,Oz^) 

is 21- dimensional. 




24 



3. The versal deformation space of Zg looks like Vi U V2 C where V\ and V2 are two smooth divisors 
meeting normally. The points of Vi corresponds to locally trivial deformations of Zq ■ The points of 
V2\Vi represent deformations of Ki surfaces. Vi U V2 corresponds to locally trivial deformations of Zg 
which remain d- semi- stable. 

Therefore, given an elliptic Type II stable KZ surface with section Zo, there are always plenty of smoothings 
of Zq. We just have to show that, on some of these deformations, the two Cartier divisors So and To can be 
extended on the three-fold. The obstruction to extending a Cartier divisor of the central fiber is measured 
by the Yoneda pairing 

<•,•>: ^^i^ {n\^,Oz^)®H^ {Zo,n\^) ^ ¥.^i^{Oz^.Oz^)^H^{Zo,Oz^ (73) 

which is non-degenerate for stable if 3 surfaces. The Zariski tangent space to the smoothing component V2 
is given by the hyper-plane (see [TT]'): 

{o e T^J < a, [io] >= } C 

where [^o] is the class in H^{Zo, ^z ) associated to the Cartier divisor ^o- The formal Zariski tangent space 
to the space of smoothings extending the elliptic structure and section is then given by: 

{a e T^J < a, [Co] >-< [To] >=< <J, [So] } . (74) 

Since Yoneda pairing is non-degenerate and [^o], [To] and [So] are independent in H^{Zo,^z )' II74|) is 18- 
dimensional. The space of versal deformations extending the elliptic structure and section has then a unique 
smoothing component V2 of dimension 18. The points away from the discriminant locus correspond to 
deformations as in Definition^] □ 

Let us then present the stable period map 1)59(1 as a natural extension of the K3 period correspondence 
A4k3 — T\n. Assume that Z ^ A is a degeneration of elliptic K3 surfaces with section, as in Definitional 
which is Kulikov, Type II semi-stable, and has primitive endomorphism N. There is then a corresponding 
Griffiths' period map (see |18p: 

$: A* T\n. (75) 
Following results of Mumford P and Schmid jSSj, one sees that (175)) extends to a holomorphic map: 

$: A ^ T\n. 

Recall the construction of the boundary point ^'(0). Choose a compatible marking H'^{Zt,'Z) ~ L as in 
section l^n The endomorphism N is integral and vanishes on both cohomology classes [Tt], [St] G H'^{Zt,Z) 
corresponding to the elliptic fiber and section in Zt St. Therefore, it defines an isotropic rank- two sub- 
lattice V C Lq. Define A ~ jV and let F be the Baily-Borel component associated to V . The monodromy 
weight filtration H7U|) associated to the degeneration Z ^ A is just the complexification of: 

{0} C Im(Ar) C Ker(A^) C H^{Zt,Z). (76) 

Taking the orthogonal part to the fiber and section classes [Tt] and [St], reduces ((76(1 to: 

{0} C Im(A^) C KeT{N)n{[Tt],[St]}^ C H^Zt,Z) n {[Tt],[St]}^ (77) 

which corresponds under the marking to: 

{0} C V C C L.O- (78) 

By the classical construction of Schmid IE' , the family Z ^ A induces a nilpotent orbit of limiting mixed 
Hodge structures with weight filtration ((76(1 . These structures descend, under the marking, to give a nilpotent 
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orbit of polarized mixed Hodge structures on H78|) . The resulting U{N)c-orhit consists essentially of the 
decreasing filtrations: 

Lo(g)C D {exp(ziV) • cjt}-^ D {exp(ziV) • Wf} D {0}, zGC (79) 

where {wt} C Lo (g) C is the marked period line of Zt. But, as explained in section ITU such a nilpotent orbit 
of Hodge structures is equivalent to a point on the Type H Mumford component B^{F). $(0) is the class of 
this point on the quotient boundary divisor I?a C T\D, — T\fl. 

Let then Zo be the central fiber of Z ^ A. According to Proposition 1201 Zq is an elliptic Type II stable 
K3 surface with section. The Clemens- Schmid exact sequence |17) : 

{0} - H'{Z,) ^-^'^ H,{Z,) ^ H'iZ,) ^ H\Z,) ^ H\Z,) ^"-^'^ H,{Z,) ^ HHZt) ■ ■ ■ (80) 

allows one to relate the geometric mixed Hodge structure of Zq with the limiting mixed Hodge structure 
associated to the degeneration Z ^ A. A careful analysis of l|8U|) reveals that: 

Theorem 23. The boundary point $(0) € Da is the stable period of Zq, as defined in section ^H.'A 

4 Boundary Components and Flat Bundles 

There exists a second geometric interpretation, more relevant from the point of view of hcterotic/F-theory 
duality, for the boundary points on the two Type II Mumford divisors I?a with A = iJg ® -Eg or A = Fig. 
Recall that, given a Baily-Borel component F, I?a — r^\S+(F) and the points in B^{F) are in one-to-one 
correspondence to pairs (7i, "0) of polarized weight-one mixed Hodge structures Ti. ox\V together with abclian 
group homomorphisms ip: A = V'^/V — *■ J^iTL). Such a pair is known to determine a flat G-connection over 
the elliptic curve E = J'^{n). The Lie group G is (E's x E^) -^1.2 \i A = E^.® E^. and Spin(32)/Z2 if A = Fig. 

Let us briefly review the connection. For explicit details, see ^Sl- It is a standard fact that, given a 
compact Lie group G and a smooth two-torus E, there is a bijective correspondence between the equivalence 
classes of flat G-connections on E and their associated holonomy morphisms t:i{E) — > G, up to conjuga- 
tion. One can therefore formally identify a flat connection with a commuting pair of elements in G, up 
to simultaneous conjugation. Fix a maximal torus T C G. If G is simply connected, (in particular for 
G = {Es X Eg) XI Z2), it was shown that any given pair of commuting elements in G can be simultaneously 
conjugated in T. The same statement is true for G = Spin(32)/Z2, providing that one considers only con- 
nections which can be lifted to Spin(32)-conncctions. In this way, a flat G-connection on E can be formally 
understood as an element in: 

}lom{'Ki{E),T) /W 

where W is the Weyl group of G. The lattice A plays the role of the lattice of the maximal torus T. In this 
framework: 

Hom(7ri(i;),T) ~ Hom (7ri(£;), [/(I) «) A) ~ Hom (7ri(i;), [/(I)) ® A. 

The first factor of the last term above represents the set of gauge equivalence classes of flat hermitian line 
bundles over E. In the presence of a complex structure on E, one can identify Hom {tti{E), U{1)) to Pic°(£') 
which, in turn, is a complex torus isomorphic to E. There exists then a bijective correspondence between 
flat G-connections and points of the analytic quotient: 

E(g,A/W (81) 

which one can see as the moduli space of flat G-bundles over E. 

Due to the unimodularity A* ~ A, each element in (I81|l can be regarded as a class of a morphism 
A ^ E. Along this idea, one can associate to any Type II boundary point of B~^{F), a smooth elliptic curve 
E = J^{TL) and a flat G-bundle. In section we shall show that all possible flat G-bundles are realized"'^ 

ipor G = Spin{32)/Z2, we only look at flat bundles liftable to Spin(32). 
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and that two points in (F) determine equivalent pairs of elliptic curves and flat bundles exactly when they 
belong to the same F^-orbit. This will lead to a holomorphic identification between the boundary divisors 
T^EgSiEsj T^Tia and the moduli spaces ME,Es,xEe.yiZ2 and A^_B,spin(32)/Z2 of equivalence classes of pairs of 
elliptic curves and flat bundles, respectively. 

5 Explicit Description of the Parabolic Cover 

In this section we give an explicit description of the two Type II boundary divisors I?a = 
identify precisely the holomorphic type of the parabolic fibrations given in (|34|l : 

8: TF\n{F)/U{N)i ^ Tf\B{F). 

This leads, following 12. 31 to a description of the structure of in a neighborhood of I?a 

5.1 Fixing the Parabolic Group 

Let F be a fixed Type II Baily-Borel boundary component for V\Vt. Denote by V the associated primitive 
isotropic rank- two sub-lattice of Lq and set, as in 12.31 

A = - {V^/V) 

P(F) Stab(yR) c 0++(2,18) 
W(F) = the unipotcnt radical of P(F) 
U(F) = the center of W(F). 
It follows then that U(i^) is a one-dimensional Lie group with Lie algebra: 

n{F) = {N e EndK (L^ ® M) | Im(7V) = and [Nx, y) + (x, Ny) = 0}. 

Lemma 24. There exists a basis {A,B} for V such that the endomorphism A^: Lo ^ Lq defined by: 

N{x) ^ {x,B)A~ {x,A)B (83) 

is primitive, integral and belongs to u(_F). 

Proof. Let A be a primitive element of V. Due to unimodularity, there exists A' S Lq satisfying {A, A') — 1. 
Pick B G V, primitive, such that {B, A') = 0. It follows that {A, B} forms a basis for V. 

Let then N be the endomorphism defined in H83|l . Pick C G Lq such that {B,C) = 1 and define: 

B' = C - {C,A')A- iC A)A' + {C,A){A,A')A eV. 

One has verifies that N{A') = —B and N{B') = A. Therefore, N is primitive and Im(A^) = V. Moreover, 
since: 

{Nx,y) = {x,B)iy,A)-{x,A)iy,B) = ~ix,Ny) 
for any x,y £1,0, the endomorphism belongs to u(i^). □ 

In order to facilitate future computations, we shall introduce a special coordinate system on Lq. The linearly 
independent family {A' , B' , A, B}, can be seen to provide a decomposition: 




Tf\B{F) and 
(82) 
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In this light, any element Lo (or Lq (X) C) can be written uniquely as: 

xiA' + X2B' + yiA + y2B + z. 

We convene therefore to regard the elements of Lq as a triplets [x, y, z) with x = (xi, 2:2) G Z^, y = (yi, j/2) G 
Z'^ and z e A. The quadratic pairing on Lq is recovered as: 

((x, y, 2), (x', y', z')) = + x'.?/ - (z, z') 

where the first two dot-pairings on the left represent the standard Euclidean pairing on 1? and (•, •) is the 
pairing of A. Under this rule, the isotropic lattice V corresponds to the space of triplets (0, y, 0) and the 
integral endomorphism N is given by N(x, y, z) — (0, Tx, 0) with T: ^ is the standard skew-adjoint 
endomorphism T(x\^x-2) = (xi^—Xi). 
As in 12.31 we define the groups: 

U(7V)c : = {exp (A7V) | A e C } 
U(iV)z : = {exp {\N) | A e Z } 

leading to the sequence of inclusions: 

c Vl[F) = U(iV)c d Vl"^ . 

We shall use the newly introduced coordinate system to analyze these inclusions. Let r : Lq (81 C ^ M be 
the function defined by riiS) = —i(Nuj,iIj). This function is invariant under the action of U{N)c. In fact, if 
oj = {x, y, z) then r{Lo) = 2Im(a;iX2). Let 

= n-{F) u u 

be the decomposition of Vi^ in subsets for which r{Lo) is strictly negative, zero and strictly positive, respec- 
tively. 

Proposition 25. The following statements hold: 

1. n{F) = n-{F) u n+{F). 

2. //H = [a,6,c] e VL-^{F), then: 

(85) 

0.2 

is a well-defined element of the upper-half plane. 

Proof. Let [uj] £ ^{F). We show that r{uj) 7^ by proving that the opposite statement leads to a contra- 
diction. Indeed, assume that r{uj) = 0. Since lu g ^{F), there exists lUq £ Q such that to = eKp{zN).LUo = 
ujo + zNlOo for some z G C. Then: 

(cj, Co) = (cjo, t^o) - 2 Im(z) • r{ujo) = [uJo, ^o) > 0. (86) 

But r{uj) = also implies that {uj, Nu, Noj} span an isotropic subspace of Lo (81 C. Clearly, oj and Nu; 
are independent (otherwise uj G Vc, contradicting H8t)|) '). Since the largest isotropic subspace in Lq (8) C is 
two-dimensional, it has to happen that NCu is generated by lu and Nu. But that also implies a; € Vc, leading 
to a contradiction. 
This shows that: 

n{F) c n-{F) u n+{F). 

The reverse inclusion is straightforward. 
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Turning to the second statement, one has r{Lu) = 2Im(aia2) > 0. The denominator of H85|) is therefore 
non-zero. Moreover, the same formula leads to: 



Im 



a2j 2|a2|2 

which assures us that H85() is an element of the upper half-plane. □ 



We are now in position to write explicit formulas for the geometric assignment, described in 12.41 that 
associates to a nilpotent orbit in 

BiF) = r!(F)/U(iV)c, 

a pair (Hjip) consisting of a weight-one Hodge structure TConV and a homomorphism -0: A ^ J^{'H). 

Under the identification V ~ Z'^, provided by the basis {A, B}, the skew-symmetric bilinear form (•, ■)i is 
transported to {x, y)i — x.Ty = Xiy2 — X2yi- The Hodge structures of weight one on V which are polarized 
with respect to (•,•)! then indexed by purely imaginary complex numbers r belonging to the upper 
half-plane H. Every such r induces the polarized weight-one Hodge structure: 

C {A + tB} C Vc (87) 

and the correspondence is one-to-one. 

Let then [oj] = [a, b, c] be an element in ^{F). As described in 12.41 the Hodge structure TC associated to 
the nilpotent orbit of [lo] in 

BiF) - r!(F)/U(iV)c 

is given by the filtration: 

c {[lu]}^ n Vc c Vc. (88) 
Using the coordinate framework, the middle space in H88(l is: 

{M}^ n Vc = {{0,y,0)eVc\a.y = 0}. 

An identification of the two filtrations H87|l and H88(l leads one to: 

r = (89) 
a2 

Connecting (|89|l to Proposition we see that the decomposition 

B{F)^n{F)/UiN)c^n+{F)/UiN)c U l]-(^^)/[/(iV)c 



corresponds to the decomposition B{F) = B^{F) U B{F) of section ITU The Hodge structure Ti, is polarized 

with respect to (•, Oi if ^^"^ o^ily if [^] G ^^(-^)- 

The coordinate framework can also be used to give a straightforward procedure constructing the extension 
homomorphism : 

V-: A ^ ji(H) = Vc/ {W}^ n Vc)+V (90) 

associated to [w] = [a, 6, c]. If 7 e A, choose a lifting 7 = (0,/3,7) € V^^ such that (7,^) = 0. This amounts 
to choosing /3 € Vc with /3.a — 7.C. Clearly, such a /3 is not unique but two different choices always differ by 
an element in {[ti^]}^ n Vc- Moreover, if one denotes: 

z = — = Z2-rzi, zi,Z2GAr (91) 

02 

then the homomorphism if) can be described as assigning: 

7 ^ ((7,Zl), (7,22))e J^H). 

The element z € Ac, defined as in (|91|) . totally controls the homomorphism ij). 
We have reached therefore the following conclusion: 
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Theorem 26. The geometric correspondence of section \2.4\ which associates to boundary points in B^{F) 
pairs (7i, "0) of polarized weight-one Hodge structures on Vc and extension homomorphisms ip: A—)- J^{Ti.) 
induces an identification: 

B+{F) = n+{F)/\]{N)c ^ HxAc. (92) 
Under this identification, the holomorphic C-fibration of ^cl!^ is described by the the map: 

e:n+iF)^mxAc, e{[a,b,c]) = f-^,-]. (93) 

One immediately verifies in (|93|) the main features of H33|) . namely : 

• is an onto holomorphic map. 

• is invariant under the action of U(A^)c on il'^{F) and the fibers of Q coincide with the orbits of the 
U(7V)c-action. 8 is therefore a holomorphic U(Af)c-principal bundle. 

At this point, recall that one obtains the parabolic cover l|82(l by further taking the quotient with respect 
to the action of the parabolic group of integral isometrics — P{F) n r+. It is important therefore to 
understand the group Tp and its action on Q^{F)/\J{N)z and M x Ac. 

5.2 Description of Tp and its action on B~^{F) 

The integral isometrics can be given a matrix description using the coordinate framework (|84|l . 

Lemma 27. A transformation in T, stabilizing the isotropic sub-lattice V is of the form: 

/ TO \ 
gim,Q,R,F) = R m Qf ] (94) 

V Q*m f J 

where: 

1. me GL2(Z). 

2. fh = (to*) ^ . 

3. Q e Hom(A, Z^), B E End(Z2) satisfying R^m + TO*i? = m^QQ^m. 
4- f is an isometry of A. 

Moreover g{m, Q, R, /) G if and only if m E SL2(Z). 

This gives a matrix characterization for F^. The group multiplication law goes as follows: 

g{mi,Qi,Ri,di) ■ g{m2,Q2,R2,d2) = (95) 

= 5(toiTO2, Qi+TOi(32/i*, i?lTO2 + TOii?2 + (3i/iQ2'^2, /l/2)- 

In particular: 

.g(TO,Q,i?,/)-i = gim-\ -m'Qf, R\ 
We single out the following special subgroups of FJ : 

1. U(7V)z = {g{I,0,R,I) \ R + R' ^0} ~ Z. 

2. S = {.g(TO,0,0,/) I TO e SL2(Z)} ~ SL2(Z). 

3. W = {5(^0,0,/) \feO{A)} 0{A). 
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4. T = {(?(/, Q,R,I)\ R + R' = QQ'}. 
It can be verified that: 

. u(iv)zcz(r+) 
. r < r+ 

• sr\w^{±i}. 

• Tp decomposes as a semi-direct product T x {W ^{±i} S). 

The paraboUc subgroup acts on the total space il^{F) of the holomorphic C*-bundle: 

e:0+(F) ^ HxAc, e([a,5,c]) = (- — , —) . (96) 

There is a compatible action on H x Ac which carries an important geometric significance. 

Recall that a pair (r, z) G H x Ac determines a polarized mixed Hodge structure on Vc together with 
a homomorphism 'ip: A J^{T^) given essentially by "0(7) ~ ((7, zi), (7, Z2)) where z = — tz\. As 
mentioned earlier, the Jacobian J^iH) can be regarded as an elliptic curve Er — C/Z rZ and, in 
this setting, the morphism ip determines a flat G-connection over Er (the Lie group G is Eg, x Es >i if 
Es®Es lattice and G = Spin(32)/Z2 if A = Tie). 

Denote by tt : H x Ac ^ H the projection on the first coordinate. Taking then: 

Cr-. = {r} X A(^ (ZerZ) C 7r-i(T) 

one obtains a family of 32-dimensional lattices, parameterized by r, moving in the fibration tt. 

Definition 28. Let H be the group of holomorphic automorphisms of the fibration tt which preserve the 
lattice family C and cover PSL(2,Z) transformations on H. 

It turns out that two elements (r, z) and (r', z') of EI x Ac determine isomorphic pairs of elliptic curves and 
fiat G-connections if and only if they can be transformed one into another through an isomorphism in 11. In 
this sense, the analytic space: 

Me,g = n\(HxAc) (97) 
can be seen as the moduli space of pairs of elliptic curves and fiat G-bundles^. 

Theorem 29. There is a short exact sequence of groups: 

{1} ^ U(Ar)z ^ r+ A n ^ {!}. (98) 

with respect to which the analytic fibration O of Ij^/d^l is a-equivariant. This induces a holomorphic identifi- 
cation: 

Pa = r+\6+(F) ~ n\(HxAc) = Me,g (99) 

between the Type II boundary divisor T>a corresponding to F and the moduli space of pairs of elliptic curves 
and flat G-bundles. Moreover, under \9iM . the quotient map: 

Q:V+\^+{F) n\(HxAc). (100) 

is exactly the parabolic Seifert fibration of section P^.i^ 

^ Again, in the case A = Fm, one considers only Spin(32)-liftable connections 



31 



Proof. For any ip € FJ, one can construct a well-defined automorphism of H x Ac by taking 

(t,z) ^e(^H) 

where [oj] is a lift (under O) of (r, z) in We claim that all such transformations are elements of H. 

Let (r, z) e H X Ac and g{m, Q, R, /) e Fj defined as in Choose [w] = [x, y, z] G 0^^(r, z). It can 

be assumed that x = (— r, 1) and z = Z2 — zit with zi, Z2 G Ar. 

If TO G SL2(Z) is has the matrix form: 

a b 
c d 



then 



d — c 
—6 a 



(101) 



and the action of g{m, Q, R, /) is just: 

g{m, Q,R,f).[uj] = [m- x, R-x + m- y + Q- f-z, Q'^ ■ m ■ x + f ■ z] . 
An easy calculation shows that 9 {g{m, Q, R, = (r', z') with 

^' = ^' = 1) + - bf{z,)) + {-cf{z2) + af{z,)) t'. 

— CT + d 

It is clear then that the transformation: 

(t,z) ^ e(<?(m,Q,i?,/).M) = (T',z') 

covers a PSL(2, Z) transformation on the first factor of H x Ac corresponding to the matrix action of 

a —6 
— c d 

In addition, one notes that the transformation (|101|l preserves the lattice family C. It is therefore with a 
well-defined transformation in 11. 

The above assignment induces a group homomorphism a : F^ 11. It can be easily seen that a (g{m, Q, R, /)) 
1 requires ni — I, f — I and Q = 0. This implies that Ker(a) = U(iV)z. 

Let us check that a is an onto morphism. For this purpose, we single out the following special subgroups 

of n. 



{^e7r|^(r,z®A) = (fl±^, ^®a) } 



jV' G n V(t, ^^iXiA) = (r, z(g)A-Hl(g)(7i +T(g)g2) where (51,92) GAeAj 

• Wn {V' = id e (id /) e n /eO(A)}. 

The three subgroups 5n, Tfi and Wn generate the entire 11. In addition, note that: 

5n n Wn = {V- e n V(t, 2 «) A) = (r, ±z «) A) I = {±/} 

and if p: n ^ PSL(2,Z) is the projection to PSL(2,Z) then Ker(p) is generated by Wn and Tn- One 
concludes from these facts that 11 is a semi-direct product: 



n = Tn X (Wn X{±i}5n) 



(102) 



32 



The above three subgroups are naturaUy related through the homomorphism a to the three particular 
subgroups of described earlier. 

When restricted to 5 C Fj, the morphism a produces an isomorphism S ~ Sjj sending g(m, 0, 0, /) with 




to the automorphism in Su associated to the matrix: 




When restricted to W C the morphism a produces an isomorphism W ~ Wn, which sends g{I, 0, 0, /) 
to the automorphism induced by / in Wn- 

Finally, when restricted to T C F^, the morphism a produces a surjective morphism T ~ 7n with kernel 
U(iV)z. If Q: A ^ Z2 is given by 

Q(7) = ((7,91), (7,92)) , 91,92 e A 

then a represents the assignment g{I, Q, R, I) (52, —Qi)- 

All three subgroups, Sn, Tu and Wn are therefore entirely covered by the image of a. Since they generate 
n, the morphism a is surjective. 

One verifies immediately that the map: 

9: ->Hx Ac, 6 ([a, 6, c]) = f- — , — ) (103) 

V 02 02/ 

is equivariant with respect to a. This leads to the Seifert fibration: 

Q:T+p\n+{F) ^ n\ (H X Ac) = Xb.g (104) 

whose fibers are isomorphic to U(A^)c/U(A^)z and therefore are copies of C*. 

The identification (|99|l follows from the arguments above. □ 



5.3 Automorphy Factors for the Parabolic Cover 

Let us remark that, based on the above arguments, one obtains a canonical isomorphism 

Pa = T+p\B+{F) = T+\n+{F)/U{N)c ^ H \ (H x Ac) = Me,g (105) 

identifying the Type II Mumford divisor 2?a with the moduli space Ai e,g of pairs of elliptic curves and flat 
G-bundles. Under this isomorphism, the parabolic cover H82|l becomes the induced holomorphic Seifert C*- 
fibration: 

r+\n+{F) n\(HxAc). (i06) 

Our task in this section is to analyze the holomorphic type of H106|l . 

We use the following strategy. The base space of (|106f) is a complex orbifold Il\V where V — M x Ac. 
One can describe holomorphic C*-fibrations over such a space in terms of equivariant line bundles over the 
cover V. These equivariant objects are line bundles C ^ V where the action of the group 11 on the base is 
given a lift to the fibers. All holomorphic line bundles over V are trivial and, choosing a trivializing section, 
one obtains a lift of the action to fibers through a set of automorphy factors (<^a)aen with ipa G H'^iVjOy) 
satisfying: 

ipab{x) = (Pa{b ■ x)ipb{x). 
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Such a set determines a 1-cocycle in Z^(n, iJ''(VG', Oy)). Two automorphy factors provide isomorphic 
fibrations an Me.g if and only if they determine the same group cohomology class in iJ^(n, i7''(y, Oy)). 
To state this rigorously, there is a canonical map entering the following exact sequence: 



{1} ^ H\J\,li\Y,0*y)) ^ H\Me, g, OU, J ^ H\V, 0*y) ^ {1}. 



(107) 



We are going to write down explicitly a set of automorphy factors for fibration H1U6|) . Since the modular 
group n is generated by the three subgroups 5n, Wn and 7n it will suffice to describe automorphy factors 
for elements in those subgroups. 

The first step towards computing the automorphy factors of H106|) is defining a holomorphic trivialization 
of the covering C-bundle: 



9: r!+(F)^Hx Ac, 9 ([a, 5, c]) = ( — 

02 02 



(108) 



Recall that this map provides the arithmetic recipe through which one can obtain out of a given Ki period an 
elliptic curve Er and a morphism ip: A which carries the holonomy information of a flat G-connection. 

Building a trivializing section for (|108|l amounts then intuitively to finding a way to recover a KZ period out 
of geometric data given by an elliptic curve endowed with a flat G-connection. 

Surprisingly, such a method arises in string theory, precisely in the Narain construction (see [21] [H] 
of the lattice of momenta related with toroidal compactification of heterotic strings. This construction leads 
one to consider the following map (see Appendix for details): 



X Ar X 



(109) 



/ N / ,r\ r / .^^^{z,z) — {z,z) t(z, z) — t(z, z) 
aniT,z,u) = exp(u-iV). (-r,l), - | , z 

Z \ T — T T — T 

A brief analysis of the above formula reveals the following: 
Remark 30. 

1. The image of (t„ indeed lies in the indicated space since for any triplet (r, z,u), 



(110) 



(a„(r, z, u), (t„(t, z, m)) = and - i( iVa-„(T, z, u), cr„(T, z, u) ) = Imr > 0. 



2. One has: 



(o-„(t, z,m), a„{T,z,u)j = Im(M) Im(T) 
and therefore, an{T, z, u) is a KZ period for any u G C with strictly positive imaginary part. 
3. The map 

(r, z) -> cr„(r, z,0) 
makes a smooth section for the line bundle ^10^ . 



(Ill) 



4. When one factors out the action of V{N)z, application ^110^ provides a smooth trivialization for the 
induced <C* -bundle: 

Q: n+{F)/V{N)z HxAc. (112) 

The above Narain trivialization has a major drawback ! It is not holomorphic. Nevertheless, one can get 
around this problem and obtain a holomorphic trivialization by perturbing slightly the map H110|) . 
Note that the middle term in expression (|110|1 can be rewritten: 

1 f i.z,z) - {z,z) f(z,z) -t(z,z) \ ^ 1 / {z,z) - {z,z) ^-^j^^i^^lhllhH 

2 \ f — T ' f — T J 2 \ f ~ T '' f — r 
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Following the above equality, one can see the Narain section (|110|1 as: 



cr„(r, z,0) = exp 



1 (z,z) - (z,z) 



N 



2 f-T 

The second factor in the right-hand side term is holomorphic. This suggest the following perturbation: 

cr: H X Ac ^ ^l'^{F) (113) 



a(T,2) = exp(-- ^ ' ' ' N].an{T,z) 



We call this the perturbed Narain map. One can immediately check that: 

Theorem 31. The perturbed Narain map is a holomorphic section for the line bundle: 



0: n+{F) ^Mx Ac, e([a,6,c]) 



fli c 
02 ' a2 



(114) 



It descends to a holomorphic section for the C* -fibration ^IIS^ . providing therefore a holomorphic trivializa- 
tion: 

H X Ac X C* ~ 0+(F)/U(A^)z, {t,z,u) ~^u-(t{t,z). 
The 'C* -action in the right-hand side expression represents the action of\]{N)c/\J{N)z upon fl'^ {F)/\]{N)z- 
We are now in position to compute the automorphy factors of the parabolic cover map: 

e:r+\n+{F) n\(HxAc). (115) 

In order to obtain a set of factors, one needs to analyze the variation of the perturbed Narain map a under 
the action of the modular group H. 

Lemma 32. Assume {qi,q2) G Tn- Then: 

where Q G Homz (A, Z^) is given by (5(7) = (-(7, 92), (7, qi)) and R e End(Z2) with R + R*^ ^ QQ*^ 
Proof. We perform the computations in 51+ (i^). 

1 



cr(r, z+(7i+r(72) = 
On the other hand, 

5(/,Q,i?,/).a(T,z) = 



(-T, 1), - (0, (z, z) + (qi, gi) + T2(g2, 92) + 2(z, q2) + 2t(z, 92) + 2T(gi, (72)) , z + qi + Tq2 



(-r,l), i?(-T,l) + i(0,(z,z)) + gz, z + Q\-T,l) 



But Qz = {~zq2, zqi) and Q^{-~t, 1) = qi + Tq2. Moreover, one can see that: 

R{-T,l) - (^-(gi,92) - ^T(g2,92), \{qi,qi)^ + ^(-r, 1) 
where A e End(Z^) skew-symmetric. One obtains then the following equality in ri+(F): 



(7(r,z + gi+T(72) = exp( ( (52, z) + -r(g2, 92) + a ) iV ) giI,Q,R,I).(7{T,z) (117) 



with a e Z. After factoring out the U(iV)z-action, one is led to (|116|) . 



□ 
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Lemma 33. Assume ^ G SL2(Z). Then: 

^ — e( cT+d ) • (^(to, 0, 0, /).(7(t, z), where TO = ^ 



CT + c? cr + d 

Proof. As in the previous lemma, we write the calculations in Q~^{F). One has 



a —6 
— c d 



ar + b 



CT + d CT + d 



aT + b 
CT + d 



, 1 



0, 



{cT + dY ) ' CT + d 



In the same time: 



5(to, 0,0,/). cr(T,z) 



1 



TO(-r, 1), TO ( -(0, (z,z)) ) , z 



(— (ar + 6), CT + d) , - {c{z , z) , d{z , z)) , z 



1 



cr + d 

Comparing the two formulas we get the following identity in 17+ (F) : 



2 \ CT + d CT + d J cr + d 



aT + b 



exp 



^ CT + d CT + d 

Factoring out the U(iV)z-action, one obtains l|118() 



1 c(z, z) 

2 CT + d 



iV <7(TO,0,0,/).a(T,z). 



We can state then: 

Theorem 34. Let {^g)g^x automorphy factors of parabolic cover C* -fibration: 

r+ \ n+{F) ^ n\(Hx Ac) 

associated to the trivialization generated by a. Then: 

1. ipg{T,z) = e-"*(2fe,2)+rfe,«2)) ^ ^ (^^^^2) e Tn. 



2. ipg{T,z) = e( /or.g = ^ ^ ^ 

5. (pg(T,z) = 1 for g e Wn- 



(118) 

(119) 
(120) 



1 / c(z, z) d(z, z) \ z 



(121) 
□ 



(122) 



Proof. The first two expressions are direct consequences of Lemmas 1321 and 1331 The fact that ipgir, z) — 1 
for g E Wn- follows from: 



(-T,l), i(0,(/(z),/(z))), /(z) 



(-T,l), -(0,(z,z)), /(z) 



?(/,0,0,/).a(T,z) 



for any / G 0(A). 



□ 



The three subgroups 7n, Sn and Wn generate the entire modular group H. Therefore, the above automorphy 
factors are enough to characterize completely the holomorphic type of fibration (|122|l . 
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5.4 Theta Function Interpretation and Relation to Heterotic String Theory 

Given the particular automorphy factor expressions computed in the previous section, one can provide for 
the parabolic cover C*-fibration H122|) a theta function interpretation. 

Let H X Ac be the orbifold cover of A4e,g- Since A is positive definite, unimodular and even, there is an 
associated holomorphic theta function (see ^\ [23] for details) : 

eAiHxAc^C, &a{t, z)^ J2 e''*(2(^'^'+^('^'''». (123) 

The pairing appearing above represents the bilinear complexification of the integral pairing on A. The 
A-character function can be written then as a quotient of Qjy: 



9a (t, z) 
r?(r)i 



Ba : H x Ac ^ C, i?A(r, z) = . (124) 



Here, 77 is Dedekind's eta function: 

rj{T) = e^*^/i2 (1 - e^"™^) , 

m— 1 

which is an automorphic form of weight 1/2 and multiplier system given by a group homomorphism 
X: SL2(Z) Z/24Z, in the sense that 

Vil ■ t) = x{j) VcT + d ■q{T) for 7 = ^ ^ d ) ^ SL2(Z). 

The character terminology for H124() is justified by its role in the representation theory of infinite-dimensional 
Lie algebras. The function B\ is the zero-character of the level I = 1 basic highest weight representation of 
the Kac- Moody algebra associated to G (see QHl for details). 

According to ^^li the character function Ba obeys the following transformation properties: 

Proposition 35. Under the action of the modular group H, the character Junction \12Ji\ transforms as : 

BA{g-{T,z)) = ^f(T,z).BA(T,z). 
The factors (pf^,g £ H can be described as: 

. <,,,,)(t,z) = e-^(-2fe-)--(9^?2)) for (gi,g2) e Tn. 

xic(z^) f a b \ ^ „ 

• 'Pnl = e /or m = ( ^ j e Sn- 

• ift^ = I for w e Wn- 

The holomorphic function Ba descends therefore to a section of a C-fibration: 

Z ^n\{mx Ac) = Me. G (125) 

with automorphy factors (pf^ described above. We call this the character fibration. 

One can compare then the character fibration (|125|l with the parabolic cover C*-fibration: 

8 : T+\n+{F) -> n\ (H X Ac) = Me., g (126) 

analyzed in the previous section. A look at Theorem 1341 and Proposition is enough to convince us that 
the two holomorphic fibrations are defined through identical automorphy factors. Therefore: 
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Theorem 36. The parabolic cover fibration 



e:T+\n+{F) ^ n\{mx Ac) = Me, G (127) 
is holomorphically isomorphic to the character fibration ^125\ with the zero section removed. 

We conclude the section by placing the outcome of Theorem 1361 in connection with the parabolic com- 
pactification construction presented in section|21 and comparing the resulted structure to the classical moduli 
spaces of eight dimensional heterotic string theory. 

Recall that, up to isomorphism, there exist only two even, positive-definite and unimodular lattices A 
of rank 16. To each choice of A one can associate a corresponding Lie group G. For Ki — x. Eg, one 
sets Gi = {Es X Es) xi Z2. If A2 = Fie then G2 = Spin(32)/Z2. The moduh space Mk3 of K3 surfaces 
with section admits a partial compactification Mks obtained by adding two distinct divisors at infinity V^.. 
Each point on V/^. can be identified with an equivalence class of elliptic Type II stable K3 surfaces with 
section, in Ai-category, and with an isomorphism class of a pair [E, A) consisting of an elliptic curve E and 
a flat Gi-connection A. The correspondence gives a natural holomorphic isomorphism: 

Va, ^ Me,g. (128) 

where ME.d is the 17-dimensional moduli space of pairs of elliptic curves and flat Gi-bundles'^ . 
As explained in 12. 31 in each of the two cases, one has the parabolic cover 

Va^ ^ Mk3 (129) 

modeling the projection Fj;^\r2 — > F\f2 where F^? is the stabilizer in F of a rank two isotropic sub- lattice of 
Lo determining A^. Moreover, the space Va- fibers holomorphically over the corresponding divisor: 

^A. ^ 2?A. (130) 

with all fibers being copies of C*. Theorem 1361 shows that, under identification l|128(l . the above fibration is 
the character fibration of Aj with the zero-section removed. That allows one to holomrphically identify VAi 
with the total space of the character C*-fibration. 

Turning our attention to the heterotic side of the duality, it was shown in |S] (see Theorems ^ and |21 
in section ^ that the moduli space M^^^. of classical vacua for heterotic string theory compactified over 
the torus is holomorphically isomorphic to the same total space of the character C*-fibration corresponding 
to the lattice A^ . Corroborating these facts to Theorem one obtains a holomorphic isomorphism of 
C*-fibrations: 

Va^^^M^' (131) 



T>A. — =^Me,g, 

which can be seen as an identification between the parabolic cover space VAi ^^^1 the classical moduli space 
of eight-dimensional heterotic string theory with group G;. 

But, as described in section l^lH there exists an open set V, punctured tubular neighborhood of the divisor 
I?Ai in A4k3 such that the pre-image p~^(V) in VAi is a tubular neighborhood of the zero section in H130|l 
and the projection p^^(V) — > V is an isomorphism. This fact allows us to conclude that: 

Theorem 37. (F- Theory /Heterotic String Duality in Eight Dimensions) 

There exists a holomorphic isomorphism between an open neighborhood of M.K3 near the divisor DAi and 
an open neighborhood 0/ A^f^J^ near the zero-section of the left fibration in 

The open neighborhood oi M'^^^ in the above statement corresponds to large volumes of the elliptic curve. 
Hence, the two regions identified by Theorem]^ are exactly the sectors that physics predicts should closely 
resemble each other. 

^ Again, if G = Spin(32)/Z2 only connection liftable to Spin(32)-connection are considered 
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6 Appendix: Narain Construction 

The parameter fields for 8-dimensional heterotic string theory are, after Narain JSj [21 j triplets {A,g,B) 
consisting of a flat G-connection, a flat metric and a constant anti-symmetric 2-tensor B, all defined over a 
two-torus E. The Lie group G involved is either Eg x Eg » Z2 or Spin(32)/Z2. 
One usually describes a flat torus as a quotient: 

E = R^/U 

of the Euclidean space through a rank two lattice U = Zei © Ze2. In this way, E inherits a flat metric, 
which in turn generates a volume v G and a complex structure parameterized by r G H. These parameters 
are obtained as: 

.911522 - 9I2 
912 +v - i 

T = . 

511 

where gij = • Cj . 

A flat G-connection on E is, formally, a morphism 

^ : [/ -> Ar. 

The lattice A is the coroot lattice of G if G = i?8 x i?g x Z2 and the lattice of a maximal torus of G if 
G — Spin(32)/Z2. As is the standard procedure, one parameterizes holomorphically these flat connections 
by taking: 

2 = Z2 - rzi e Ac, where : = A{ei) G Ar. 

The last ingredient, the B-field is seen as a two-form B ~ b (el) A (62) with 6 e M. The B-field holonomy 
along E is given by 

exp ^« J B^ = exp (ibv) . 

One considers then the space: 
endowed with the inner product: 

{x, y, z).{x',y', z') = x.x' - y.y' - z.z'. 

The lattice of momenta JBl, denoted C(^A.g.B), associated to a heterotic triplet {A,g,B) is obtained as the 
image of the map: 

y^{A,g,B) ■■U®U*®A E2(^R2^Am (132) 

'P{A,g,B){w,P,l) = 

-p ~ bTw - -AH - -A* Aw -w, -p~ bTw - -AH - -A* Aw + w, Aw + l] . 
2^ 2 4 '2^ 2 4 ' y 

Here T: — + is the anti-self adjoint morphism T{xi,X2) — {x2,—xi). One checks that, in the above 
formulation, the image 

^{A,g,B) ■■ = Im{ip(^A,g,B)) 

with the induced inner product forms a lattice of rank 20 embedded in the ambient space R^''^^. The lattice 
^{A,g,b) is isomorphic to H Q) H (B (—A). A basis underlying this decomposition is given by: 

F^ ■■ = f{A,g,B){-e^,0,0) = (bTe^ + ^A' Ae, + bTe, + ^A'Ae, - e,, -Ae,^ (133) 
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F* : = <p(^,3^s)(0,e*,0) = Qe*, ^e*, (134) 
L : = ^^A,g,B){0,0,l) - (-^^*^ -l^H, . (135) 

It satisfies: 

F,.Fj^o, f*.f;^o, f,.f;^s,j 

F,.L^ F*.L^O, L.L' = -l.l'. 

One is interested in the behavior of the oriented positive 2-plane C R^^^^ with respect to the lattice 
^(A,g,B)- Let us imagine that the lattice C remains fixed and the oriented R^ is varying inside £ (8) R 
parameterized by the heterotic variables. This provides an assignment: 

{heterotic parameters {A,g,B)} 0{2,\%) / S0{2) x 0(18). (136) 

Moreover, the target space in (|136|l has a natural holomorphic structure. One can equivalently regard 
positive, oriented, two-planes in £ (g) R as complex lines w C £ ® C satisfying oj.u) — and loZj > 0. There 
is then a bijective correspondence: 

0(2, 18)/SO{2) X 0(18) ~ {uj€¥Cc\uj.lo = 0, uj.lJ > } 

and the map H136|l can be interpreted as sending triplets of heterotic parameters to the 18-dimensional 
complex period domain fl of section [2. II 

One can describe explicitly this map. Let {A,g,B) be a heterotic triplet determining: 

(r, z,v,b) e H X Ac X R^ X R. 

Then, the complex line lo is generated by: 

to = + ^/3,i^* + 7 (137) 

with 

ai = -r, ^2 = 1, 7 = 2: 

{z,z) - {z,z) 



j3i = -2{hv + iv 
P2 = -2T{bv + iv) 



2(f - r) 

f{z,z) - t{z,z) 



2{T-f) 

Take the decomposition C = H ® H ® (-A) with a basis ioi H <3) H given by {Fi, F2, Fj*, Fj*}. The inner 
product on £c appears as: 

(a,6,c).(a',6',c') = {a,b') + [b, a') ~ {c, c'). 
Let N e End(£) be the nilpotent anti-self adjoint endomorphism 

N{a,b,c) = (0,Ta,0) 

and let exp(<:iV) = / -|- tN be its exponential. The Narain correspondence between heterotic parameters and 
period complex lines in f2 appears then as: 



cr„ : H X Ac X H ^ (138) 

cr„(T, z,w) — exp(— 2u-iV) 



f IN ^ f iz,z) - {z,z) t{z,z) -t{z,z) 
Ij, o 
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The complex variable u represents bv + iv G C. It is clear that (|138|l is not holomorphic. However one can 
move the non-holomorphic part of 1138|) to the exponential. Indeed: 



t{z,z) - t{z,z) 



r ("'"j + iz.z) 



and therefore, one can rewrite: 
(T„(r, z, u) = exp 



-2u 



{z,z) - {z,z) 

2(f-T) 



N 



(-T,l), -(0, iz,z)), Z 
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